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Abstract 

We consider the Navier-Stokes equation on a two dimensional torus with a random force which 
is white noise in time, and excites only a finite number of modes. The number of excited modes 
depends on the viscosity and grows like v~ 3 when v goes to zero. We prove that this Markov 
process has a unique invariant measure and is exponentially mixing in time. 
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1 Introduction 

x 

Homogenous isotropic turbulence is often mathematically modelled by Navier Stokes equation sub- 
jected to an external stochastic driving force which is stationary in space and time and "large 
scale", which in particular means smooth in space. The status of the existence and uniqueness 
of solutions to the stochastic PDE parallels that of the deterministic one. In particular, in two 
dimensions, it holds under very general conditions. 

However, for physical reasons, one is interested in the existence, uniqueness and properties of 
the stationary state of the resulting Markov process. While the existence of such a state follows with 
soft methods [10], uniqueness, i.e. ergodic and mixing properties of the process has been harder to 
establish. In a nonturbulent situation, i.e. with a sufficiently rough forcing this was established in 
[5] and for large viscosity in [8] . The first result for a smooth forcing was by Kuksin and Shirikyan 
[7] who considered a periodically kicked system with bounded kicks. In particular they could deal 
with the case where only a finite number of modes are excited by the noise (the number depends 
both on the viscosity and the size of the kicks). In [2], we proved uniqueness and exponential mixing 
for such a kicked system where the kicks have a Gaussian distribution, but we required that there 
be a nonzero noise for each mode. In this paper, we extend that analysis to the case where only 
finitely many modes are excited, and the forcing is white noise in time. An essential ingredient in 
our analysis is the Lyapunov-Schmidt type reduction introduced in [7], that allows to transform 
the original Markov process with infinite dimensional state space to a non-Markovian process with 
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finite dimensional state space. We apply standard ideas of statistical mechanics (high temperature 
expansions) to this process to deduce mixing properties of the dynamics. While preparing this 
manuscript we received a preliminary draft [4] that claims similar results, using a somewhat more 
probabilistic approach. We thank these authors for communicating us their ideas, some of which 
helped us to simplify our arguments, especially in Section 8 below. 

We consider the stochastic Navier-Stokes equation for the velocity field u(t, x) € R 2 defined on 
the torus T = (R/2vrZ) 2 : 

du + ((u ■ V)u - uV 2 u + Vp)dt = df (1) 

where f(t, x) is a Wiener process with covariance 

Ef a (t, x)f0, y) = min{i, t'}C a(3 (x - y) (2) 

and C a/ 3 is a smooth function satisfying ^ a d a C a p = 0. Equation (1) is supplemented with the 
incompressibility condition V ■ u = = V ■ /, and we will also assume that the averages over the 
torus vanish: / T u(0, x) = = / T f(t, x), which imply that J T u(t, x) = for all times t. 

It is convenient to change to dimensionless variables so that v becomes equal to one. This is 
achieved by setting u(t, x) = vu'(ist,x). Then v! satisfies (1), (2) with v replaced by 1, and C by 

C = u- 3 c. 

^From now on, we work with such variables and drop the primes. The dimensionless control 
parameter in the problem is the (rescaled) energy injection rate itrC'(O) , customarily written as 
(Re) 3 where Re is the Reynolds number: 

Re = e^v~\ 

and e = ^tr C (0) is the energy injection rate in the original units (for explanations of the terminology 
see [6]). 

In two dimensions, the incompressibility condition can be conveniently solved by expressing the 
velocity field in terms of the vorticity uj = d\U2 — c^ui. First (1) implies the transport equation 

dw + ((u ■ V)lo - V 2 uj)dt = db, (3) 

where b = 81/2 — 82/1 has the covariance 

Eb(t, x)b(t',y) = mm{t, t , }(2vr)- 1 7 (x - y) 

with 7 = -27rz/~ 3 Atr(7. 

Next, going to the Fourier transform, u>k(t) = ^ J T e tk ' x uj(t, x)dx, with k G Z 2 ; we may express 
u as Uk = z ( ~ fc 3j fcl) u>k, and write the vorticity equation as 

du(t) = F(u(t))dt + db(t), (4) 

where the drift is given by 

F(oj) k = -k 2 uj k + ^ klh ^l lk2 u k -m (5) 

/eZ 2 \{o,fc} 

and {6fc} are Brownian motions with b^ = and 

Eb k (t)k(t') =min{M'}<V*7fc- 

The dimensionless control parameter for the vorticity equation is 

R = ]T lk = 2^7(0) (6) 
fceZ 2 
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which is proportional to the to injection rate, and also to the third power of the Reynolds number. 
We will be interested in the turbulent region R — > oo; therefore, we will always assume below, when 
it is convenient, that R is sufficiently large. 

For turbulence one is interested in the properties of stationary state of the stochastic equation 
(4) in the case of smooth forcing (see [1] for some discussion of this issue) and, ideally, one would 
like to consider the case where one excites only a finite number of modes, 

Ik + , k 2 < N, 

with N of order of one. In this paper we assume that N scales as 

N = kR, (7) 

with k an absolute constant fixed below. We take all the other 7^ = 0, although this condition can 
easily be relaxed. Let us denote the minimum of the covariance by 

p = mm{\ lk \ I \k\ 2 < N}. 

Before stating our result, we need some definitions. Let P be the orthogonal projection in 
H = L 2 (T) to the subspace H s of functions having zero Fourier components for \k\ 2 > N. We will 
write 

uo = s + 1 

with s = Plo, I = (1 — P)uj (respectively, the small k and large k parts of to). Denote also by Hi 
the complementary subspace (containing the nonzero components of I). H is our probability space, 
equipped with £>, the Borel a- algebra. 

The stochastic equation (4) gives rise to a Markov process iv(t) and we denote by P*(w,.E) the 
transition probability of this process. 

Our main result is the 

Theorem. The stochastic Navier-Stokes equation (4) defines a Markov process with state space 
(H, B) and for all R < 00, p > it has a unique invariant measure p there. Moreover, Vw 6 H, 
for all Borel sets E G H s and for all bounded Holder continuous functions F on Hi, we have, 

I J P\u,dw')l E {s')F{l')- j v{dw')l E {s')F{l% <CH||F|| a e- m * (8) 

where m = m(R,p,a) > 0, \\F\\ a is the Holder norm of exponent a, and C(uj) is a.s. finite. 

Remark 1. In a previous paper [1] we have shown that, with probability 1, the functions on 
the support of such a measure as constructed here are real analytic. In particular all correlation 
functions of the form 

J pid^H^'uixi) 

i 

exist. 

Remark 2. The parameters in our problem are R and p. All constants that do not depend on them 
will be generically denoted by C or c. Besides, we write C(X,Y, Z) for a "constant" depending 
only on X, Y, Z. These constants can vary from place to place, even in the same equation. 

We close this section by giving the outline of the proof and explain its connection to ideas 
coming from Statistical Mechanics. 

Let us start by observing that, if we neglect the nonlinear term in (4-5), we expect ||a>|| to be 
of order R? , for typical realizations of the noise (R^ is the typical size of the noise, and the —k 2 u>k 
term will dominate in eq. (4) for larger values of ||w||). It turns out that similar probabilistic 
estimates hold for the full equation (4) as shown in Section 3. Now, if ||u;|| is of size R? , the —k 2 cok 
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term will dominate the nonlinear term (which is roughly of size ||w|| 2 ) in eq. (4), for \k\ > kK 1 , 
and one can expect that those modes (corresponding to I above) will behave somewhat like the 
solution of the heat equation and, in particular, that they will converge to a stationary state. 

Thus, the first step is to express the ^-modes in terms of the s-modes at previous times. This 
is done in Section 2 and produces a process for the s-modes that is no longer Markovian but has 
an infinite memory. In Statistical Mechanics, this would correspond to a system of unbounded 
spins (the s-modes) with infinite range interactions, with the added complications that, here, the 
measure is not given in a Gibbsian form, but only through a Girsanov formula, i.e. (23) below, 
and that time is continuous. Hence, we have to solve several problems: the possibility that oj be 
atypically large, the long range "interactions" , and finally, showing that a version of the s-process 
with a suitable cutoff is ergodic and mixing. 

The large co problem is treated in Section 3, using probabilistic estimates developped in [1], 
which, in Statistical Mechanics, would be called stability estimates. The infinite memory problem 
is treated in Sections 4 and 5, which are inspired by the idea of "high temperature expansion" in 
Statistical Mechanics, namely writing the Gibbs measure or, here, the Girsanov factor, as sum of 
products of factors having a finite range memory and which become smaller as that range increases. 
However, in the situation considered here, carrying out this expansion requires a careful and non 
standard partition of the phase space (explained in Section 4). The problem is that, even though 
for typical noise, hence for typical w's, the ^-modes depend exponentially weakly on their past 
(see Section 2), thus producing, typically, "interactions" that decay exponentially fast, they may 
depend sensitively on their past when the noise is large. In the language of Statistical Mechanices, 
atypically large noise produces long range correlations. 

This problem of sensitive dependence is coupled to the last problem, that of the convergence of 
the s-process with finite memory to a stationary state. We have to get lower bounds on transition 
probabilities and we can prove those (see Section 8) only when the s-modes remain for a sufficiently 
long time in a suitable region of the phase space; thus, if we did not control the sensitive dependence, 
we would not be able to carry out that last step. Finally, in Section 7, we prove the bounds on our 
"high temperature" expansion and, in Section 6, we use that expansion to prove the Theorem. Note 
that, because we deal with a stochastic process, we never have to "exponentiate" our expansion, 
unlike what one would usually has to do in Statistical Mechanics (i.e., the analogue of the partition 
function here equals 1). The choice of k in (7) is explained in Remark 2 of Section 4. 

2 Finite dimensional reduction 

We will use an idea of [7] to reduce the problem of the study of a Markov process with infinite 
dimensional state space to that of a non-Markovian process with finite dimensional state space. 
For this purpose, write the equation (4) for the small and large components of to separately: 



The idea of [7] is to solve the I equation for a given function s, thereby defining l(t) as a function 
of the entire history of s(t'), t' < t. Then the s equation will have a drift with memory. Let us 
fix some notation. For a time interval I we denote the restriction of to (or s, I respectively) to / 
by uj(I), and use the boldface notation s(J), to constrast it with s(t), the value of s at a single 
time. || • || will denote the L 2 norm. In [1] it was proven that, for any r < oo, there exists a set 
B T of Brownian paths b G C([0, r], H s ) of full measure such that, for b £ B T , (4) has a unique 
solution with ||w(t)|| < oo, ||Vw(t)|| < oo for all t (actually, u>(t) is real analytic). In particular, 
the projections s and I of this solution are in C([0, r], H s m) respectively. 

On the other hand, let us denote, given any s £ C([0, r], H s ), the solution - whose existence 
we will prove below - of (10), with initial condition 1(0) by l(t, s([0, 1(0))- More generally, 



ds(t) = PF(s(t) + l{t))dt + db(t) 
±l(t) = (l-P)F(s(t)+l(t)). 



(9) 
(10) 
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given initial data l(t') at time t' < r and s([t',r]), the solution of (10) is denoted, for a < r, by 
l(a, s([t', a]),l(t')) and the corresponding u by Lo(a, s([t', a]), l(t')). The existence and key properties 
of those functions are given by: 

Proposition 1. Let 1(0) G H t and s G C([0,t],H s ) . Then /(•, s([0, t]), 1(0)) G C([0,t],Hi) n 
L 2 ([0, r], if, 1 ), where H} = HiCiH 1 , and H 1 is the first Sobolev space. In particular, 



sup ||Z(t,s([0,t]),l(0))|| <C(R, sup || S (t)||,||/(0)||) 
te[o,r] te[o,r] 



(11) 



where the notation C(R, sup t6 r T i ||s(i)||, ||Z(0)||) is defined in Remark 2, Section 1. Moreover, given 
two initial conditions l\,h and t < r 



||i(t,s([0,t]),ii)-i(t,s([0,t]),i 2 )|| <exp 



—nRt + a 



IVwil 



IZi - Z 2 



(12) 



where a = (2ir) 2 J2\k\ 4 and uj\(t) = s(t) + l\(t, s([0, i]), Zi). The solution satisfies 



l(t, s([0, t]), 1(0)) = s([r, i]), Z(r, s([0, r]), Z(0))). 



(13) 



Proof. The existence of I follows from standard a priori estimates which we recall for completeness. 
We have from (10) (see also (3)), for sufficiently smooth Z, 

\j t \\i\\ 2 = -\m\ 2 + (i,u-v S ) 

since, by incompressibility, V ■ u = 0, (I, u ■ VI) = £/ V ■ (^Z 2 ) = 0. Use now the bound, for the 
functions d, v, b, 

\(d,v-Vb)\ < |M||M|oc||V6|| < v^||d||l|A«||||V6|| (14) 

which follows from ||f ||oo < (27r) _1 J2k ^ v ^) k and Schwarz' inequality, and where a = (2n)~ 2 N~ 4 - 
Using (14), a/3 < \(a 2 + /3 2 ) and ||Au|| = \\V(s + l)\\, we get: 

\(l,u-Vs)\ < v^P||(||Vs|| + ||VZ||)||Vs|| 

< #(IKI| 2 + l|V S || 4 ) + i||V/|| 2 + |||Z|| 2 ||V S || 2 . 

Hence, 

j f \\l\\ 2 < -^/(^(v^ + allVsl^H/f + v^llVsll 4 . (15) 

The bound (11) on ||Z(t)|| follows then, by Gronwall's inequality, from (15) and the finiteness of 
sup t ||Vs|| 2 and of sup t ||Vs|| (which follow from the finiteness of sup t ||s|| 2 , since s has only finitely 
many nonzero Fourier coefficients). Finally, the boundedness of Jo T ||VZ|| 2 f°ll° ws from (15) by 
integration. 

For the second claim, let 5l(t) = l(t,s,l\) — l(t,s,l2) = h(t) — h(t), and define u l = (1 — P)u. 
We have: 

~\\Slf = -\\V5l\\ 2 + (Sl,Su l • Vkji + u-y ■ V51 + 5u l ■ V51) = -\\V5l\\ 2 + (5l,5u l • Vwi) (16) 

— (ML 

using, as above, (SI, u\ ■ VSl) = = (5l,5u l ■ VSl), and defining uj\ = s + l\. Now, estimate, using 
(14) and ||A<Su'|| = ||V<5Z||, 

\(Sl,Su l ■ Vwi)| < v/oll^llllV^IHIVwill < j(\\V5l\\ 2 +a\\5l\\ 2 \\Vuj l \\ 2 ). (17) 



So, by (7) and the fact that 4/0 only for k 2 > N, 



j t \\M\\ 2 < -kR\\51\\ 2 + allJ/fUV^iH 2 , (18) 

which implies the claim (12) using Gronwall's inequality. The last claim (13) is obvious. □ 

Now, if s = Puj with oj as above being the solution of (4) with noise b £ B T then the l(s) 

constructed in the Proposition equals (1 — P)uj and the stochastic process s(t) satisfies the reduced 
equation 

ds{t) = f{t)dt + db{t) (19) 

with 



f(t) = PF(u(t)). (20) 

where uj(t) is the function on C([0, t],H s ) x Hi given by 

co(t) = s(t) + l(t,s([0,t}),l(0)) (21) 

(19) has almost surely bounded paths and we have a Girsanov representation for the transition 
probability of the w-process in terms of the s- variables 

P'( W (0),F) = J »l {0) (ds)F(u(t)) (22) 

with 

^(0)(*) = ^ (/(T) ' 7 " 1(<is(r) ^ /(T)dT)) ^ (0) (d S ) (23) 

where z/*^ is the Wiener measure with covariance 7 on paths s = s([0,i]) with starting point s(0) 

and (•, •) the I 2 scalar product. We define the operator 7" 1 in terms of its action on the Fourier 
coefficients: 

(/,7-7)= E IMV- ( 24 ) 

|fc| 2 <JV 



The Girsanov representation (22) is convenient since the problem of a stochastic PDE has 
been reduced to that of a stochastic process with finite dimensional state space. The drawback 
is that this process has infinite memory. In Sections 4 and 5 we present a formalism, borrowed 
from statistical mechanics, that allows us to approximate it by a process with finite memory; the 
approximation will be controlled in Section 7, while the finite memory process will be studied in 
Section 8. This analysis is mostly done in the s-picture, but an important ingredient in it will be 
some a priori estimates on the transition probabilities of the original Markov process generated by 
(4) that we prove in the next Section. 



3 A priori estimates on the transition probabilities 

The memory in the process (19) is coming from the dependence of the solution of (10) on its initial 
conditions. By Proposition 1, the dependence is weak if Jq ||Vlj|| 2 is less than cR for a suitable c. 
We localize the time intervals where this condition holds by inserting a suitable partition of unity 
in the expression (22). We shall show (in Section 8 below) that, during such time intervals, the 
s process behaves qualitatively like an ergodic Markov process. In this section we show that the 
complementary time intervals occur with small probability. 



Let us first explain the partition of unity. We define, for each unit interval [n — l,n] = n, a 
quantity measuring the size of to on that interval by: 

D n = I S up||to(t)|| 2 + f \\Vu(t)\\ 2 dt. (25) 
ten in 

Let {</>fc}fceN be a smooth partition of unity for R + , with the support of 4>k contained in [2 k R, 2 k+2 R] 
for k > 0, and in [0, 4R] for k = 0. Set, for k G N*, 

XkH=Il^n(^nH). (26) 

n 

We insert 1 = J2kXk i n (23), to get 

vt(o)( ds ) =ExkML (0 )( ds )- (27) 
k 

The following Proposition bounds the probability of the unlikely event that we are interested 

in: 

Proposition 2. There exist constants c > 0, d < oo, (3q < oo, such that for all t, t' , 1 < t < t' and 

all (3 > O , 

t'-i 

P(J2 D ^ u ) - P R ft ~t\ < exp(|c / e"*||cj(0)|| 2 )exp(-c/3|t / - t\) (28) 

n=t 

In order to prove Proposition 2, we need some Lemmas. We will start with a probabilistic 
analogue of the so-called enstrophy balance: 

Lemma 3.1. For all ui(0) 6 L 2 , and all t > 0, 



E 



and 



w(0) < 3e* e ~ IM0)I1 , (29) 



P(||w(t)|| 2 > D|w(0)) < 3e-^e™ e_t||w(0)l1 (30) 

Remark. This Lemma shows that the distribution of ||(j(t)|| 2 satisfies an exponential bound on 
scale R with a prefactor whose dependence on the initial condition decays exponentially in time. 
Thus, if ||cj(0)|| 2 is of order D, ||u;(t)|| 2 will be, with large probability, of order R after a time of 
order logD. 

Proof. Let x(t) = A(t)||u;(t)|| 2 = X(r)J2k l^fc) 2 for < r < t. Then by Ito's formula (remember 
that, by (6), X)fc7fc = R and thus 7^ < R, \/k): 

±E[e x ] = i?[(AA- 1 x-2A^fe 2 |u; fc | 2 + A^7 fe + 2A 2 ^7 fc k fc |V] 

k k k 

< EidXX- 1 -2 + 2XR)x + XR)e x ] (31) 

where E denotes the conditional expectation, given co(0), and where we used the Navier-Stokes 
equation (3), \k\ > 1 for uj^ 7^ 0, and the fact that the nonlinear term does not contribute (using 
integration by parts and V • u = 0). Take now A(r) = ^-e^ - ') so that A < AA _1 = 1, 
AA^ 1 - 2 + 2Ai? < -\ and XR < \. So, 

i E \f\ < ~ \x)e x ] < \ - \E\e x \ 
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where the last inequality follows by using (1 — 2x)e x < 2 — e x . Thus, GronwalPs inequality implies 
that: 

E[e x W] < e~-*e x ^ +2 < 3e x(0) 

i.e., using the definition of A(r), 



E 



. e 



r-t 



exp(— ||u;(t)|H < 3exp( 



4fl 



This proves (29) by putting r = t; (30) follows from (29) by Chebychev's inequality. □ 

Since the D n in (28) is the supremum over unit time intervals of 

1 /"* 

£> t (w) = -||a;(t)|| 2 + / ||Vcj|| 2 dr n-l<t<n, (32) 

2 Jn-l 

which does not involve only ||u;(t)|| 2 , we need to control also the evolution of AM over a unit 
time interval, taken, for now, to be [0,1]. From the Navier-Stokes equation (3) and Ito's formula, 
we obtain 

AM = AM + Rt+ f M <*) ( 33 ) 

JO 

(since the nonlinear term does not contribute, as in (31)). Our basic estimate is: 
Lemma 3.2. There exist C < oo, c > such that, \/A > 3AM 

p( sup AM ^ -%(°)) ^ Ce ~^ ( 34 ) 

te[o,i] 

Remark. While the previous Lemma showed that ||cj(i)|| 2 tends to decrease as long as it is larger 
than O(R), this Lemma shows that, in a unit interval, AM does not increase too much relative to 
A)M = \ 11^(0) IP- Thus, by combining these two Lemmas, we see that AiM = SU P AM i s ; 

tg[n— l,n] 

with large probability, less than ||u;(0)|| 2 , when the latter is larger than O(R), at least for n > uq 
not too small. This is the content of Lemma 3.3. below. Thus, it is unlikely that D n (uo) remains 
much larger than R over some interval of (integer) times, and this fact will be the basis of the proof 
of Proposition 2. 

Proof. From (33), we get that 

PI sup AM > A w(0) J < P ( sup | / [u,db)\ > (A- A - R) w(0) J . (35) 
\*e[o,i] / \te[o,i] y 

The process t — > J *(a;,(i6) is a continuous martingale so, by Doob's inequality (see e.g. [9], p. 24), 
the submartingale xt = | Jo(o;, satisfies the bounds 

EdsvLpxtf) < {-^) p E{x{) Vp > 2, (36) 



where E denotes the conditional expectation, given to(0). These imply 

£?(e £supa:t ) < 5E(e CT1 ), (37) 

where e will be chosen small below (to derive (37), expand both exponentials, use (36) and (^t) p < 
4 for p > 2; for p = 1, use Ea < ?(a + a~ 1 Ea 2 ) for a > and take a = 2). Since 

E(e £X1 ) < X - (E(e £ ti("> d V) + E{e~ e ^ db) )\ , (38) 
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using Novikov's bound, we get 

< (J dTE(e 2£2 ^-<^y)) < (J dTE(e 2e2R ^^ 2 )) , (39) 

where the last two inequalities follow from Jensen's inequality, applied to e 2e 'M^M'T^M) j anc [ 
from 7^. < i? (see (6)). 

So, altogether, we have, by Chebychev's inequality and (37-39): 



Pf sup I [\cj, db)\ >(A-D -R) <j(0)) < 5e-<A-Do-R) ( f 1 drE ( 
v te[o,i] Jo ' Vio 

Now, combine this with (35) and (29) in Lemma 3.1 above, choosing 2e 2 R = i.e. e = -j^, 
to get 

P{ sup D t {uj) > A\u(0)) < i5 e -<A-D -R) e D /4R (41) 
te[o,i] 

which yields (34) for A > 3D (uj) and C = 15e^ and c = ±(-3L - |). □ 

Let Afc be, for fc > 0, the interval [2 k R, 2 fc+1 i?] and let A = [0, 2R\. Given an integer n define, 
for k, k' > 0, 

P(k\k') = sup P{D no (uj)) G A k \(j'(0)) = sup P(fc|</(0)) (42) 

w'(0) w'(0) 

where the supremum is taken over a/ (0) such that ||u/(0)|| 2 < 2 k ' +1 R (the intervals labelled by k 
will play a role similar to the fc's introduced in (26), but, since we do not need a smooth partition 
of unity here, we use a more conventional partition). Observe that we have V7c, k' > 0, 

P(k\k') < 1. (43) 

The main ingredient in the proof of Proposition 2 is 
Lemma 3.3. There exist constants c > 0, C < oo suc/i £/ta£ 

P(fc|fc') < Cexp(-c2 fc )exp(e- (no ' 1) 2 fc '- 1 ) (44) 



Proof. We split 

P(k\u'(0)) = E(l Ak {D no {u))l{\\u{n Q - 1)|| 2 > |2 fe P)|u/(0)) 
+E(l Ak (D no (u))l(\Mn - 1)|| 2 < §2 fc P)|u/(0)), 

where l Ak is the indicator function of the interval Ak, and l(X) is the indicator function of the 
event X. Hence, we may bound 

P(k\k') <supP(||^(n -l)|| 2 > §2 fe P|u/(0)) +sapE(l Ak (D no (u))\u;(n -lj), (45) 

where the supremum in the first term is taken over u/ (0) such that ||u/(0) || 2 < 2 k ' +1 R and, in the 
second term, over uj(no — 1) such that ||w(no — 1)|| 2 < §2 fc P. 



Q 



Using Lemma 3.1, we bound the first term of (45) : 

P(\\u(n - 1)|| 2 > h k R\J{U)) < 3exp(-^)exp(e-^- 1 )2^ 1 ). (46) 

And, using Lemma 3.2, and the fact that the support of 1^, is in [2 k R,2 k+1 R] for k > 0, we bound 
the second term of (45), for k > 0, by 

E (l Ak (D no (io)) \u(n - 1)) < P( sup D t (u) > 2 k R\u(n - 1)) < Cexp(-c2 fc ), (47) 

V V ' / He[n -l,no] ' 

since uj(n — 1) is such that 2 k R > |||cj(no — 1)|| 2 = 3D (uj). For k = 0, (47) obviously holds also. 
This proves (44). □ 

Proof of Proposition 2. By Lemma 3.3, we may find no so that 3 c > 0, C < oo such that 

P(k\k') < Cexp(-c2 fe ) for k > k' . (48) 

Let us fix such tiq. Let V be the sum of D n in (28) and V T the same sum with n restricted to the 
lattice tjqZ + r. We can write: 



no— 1 



p(v>pR\t' -t\\u{0)) < ]T p{v T > ^- ^ (0)). 



r=0 "0 



So, since |i' — t\ > 1, by changing the values of c, and /3o in (28), it suffices to prove (28) for P 
replaced by T> T , r = 0, . . . , uq — 1; and, since all the terms are similar, we shall consider only r = 0. 
Finally, by redefining t, t', it is enough to bound by the RHS of (28) the probability of the event 



f-i 



£ AmoM > W-t|. 



n=t 



Using the Markov property, the definition (42) of P(/c|fe / ), and the fact that D nno G means that 
Am < 2 fenn o+ 1 P ; we see that it suffices (changing again c and (3q) to prove the estimate (28) for 
the expression 



t'-i t'-2 



£ l(£ 2 fc -o > flt _ t'|) [] P(fc (n+1) JA^JP^MO)). (49) 



We bound (49), using Chebychev's inequality, by 

t'-i t'-2 



(49) < exp(-e/J|f - t\) £ exp(e £ 2 k -o) JJ P(k {n+1)no \k nno )P(k tno \u(0)) (50) 

where e will be chosen small below. 

Consider now J2k exp(e2 fc )P(/c|/c / ). Splitting this sum into So<fe<fe'-i an d Sfc>fc' an d using (43) 
for the first sum and (48) for the second, we get: 

£ exp(e2 k )P(k\k!) < k' exp^'" 1 ) + e a (51) 
k 

where e a = C'I]fcLo ex P(( e ~~ c)2 k ) is bounded as long as (say) e < c/2. Moreover, we can bound 
k' exp(e2 k '~ r ) + e a < e Cl exp(e2~ 7 2 fc '). Altogether, we have: 

]T exp(e2 fe )P(fe|fc') < e Cl exp(e2-*2 fc ') (52) 



in 



Let us apply this first to the sum over fc( t /_i) no , then k( t i_ 2 )n and so on. The result of (52) is that, 
apart from the prefactor e Cl , we obtain, when we sum over fc( t /_2) no , the same summand as in the 

first sum, but with e replaced by e + e2~^ . And, after m steps we have e replaced by sJ2T=o 2 7 ' 
Thus, we can use this inductively on P(kr n+ u no \k nno ) for all n, with t < n < t' — 2, as long as 

eEto 2 ~*' = e(^r^) < c/2, which holds for e small enough. Thus, we obtain, \/t' > t, a bound 

1-2 7 

for the sum in (50) 

e *W-i-t\ £ exp(c 2 e2 fc -o)p(A; tno | w (0)) (53) 
with C2 = — ^— r- Observe that, using (42) and (44), with no replaced by t and fe' being the smallest 

1-2 7 

k such that ||oj(0)|| 2 < 2 k+1 R, we may bound 

P(&t„ o |u;(0)) < Cexp(-c2 fe **o)exp(ee- t 2* ,_1 ). 

Then the sum over kt no in (53) can be bounded, since J2k tno exp((c2£ — c)2 ktn o) < C for e small, 
and we get: 

Y,exp(c 2 e2 k ^o)P(k tno \uj(0)) < Cexp( ee -'2 fe '- 1 ). 

Moreover, we have, by definition of k' , 2 k ' < c ^ 11 * . Thus, we obtain the bound (28) for (49), for 
/3o large enough (e.g. take \e(5 > ?e(3q > c\ + logC, use \t' — t\ > 1, and, in (28), take c = |), by 
combining these inequalities with (50) and (53). □ 



4 Partition of the path space 

Consider the expression (27) for the measure u. Given k, we will now decompose the time axis 
into regions where the equation (10) may have sensitive dependence on initial conditions and the 
complement of those regions. Motivated by Proposition 2, let us consider, for time intervals L, the 
expressions 

7L=E 2 " n - ( 54 ) 

Let T be a number to be fixed later (in Sections 6-8), depending on p, the minimum of the noise 
covariance. Define 

(3 is a constant to be fixed later (see Remark 2 below). Call the time intervals with end points 
on the lattice TZ T-intervals, and, for an interval L = [m,n], let L be the smallest T-interval 
containing [m,n] . Consider the set C of intervals L such that, either 

1L > P(L), (56) 

or L = [(n - 1)T, nT], so that 

2 knT > p' T ^ (57) 

where (3' < (3 is a constant also to be fixed later (see Remark 2 below). Let C be the union of all 
Z with L G C. We call the connected components of C large intervals and the T-intervals of length 
T in its complement small intervals. Note that intervals of length T can be either small or large 
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(those of length at least 2T are always large). Hence, we introduce labels small/large on those 
intervals. By construction, two large intervals are always separated by at least one small one. 

Remark 1. "Large" and "small" refer to u(J) being large or small, not to the size of the interval. 
We use this slightly misleading terminology for the sake of brevity, jl axe the natural random 
variables entering in the sensitive dependence estimate (12) and whose probability distribution was 
studied in Proposition 2. Since the estimate (28) involves the initial condition at the beginning of 
the time interval we consider and, since this initial condition is the size of u at the end of a time 
interval where (56) is violated, we need to be sure it does not dominate the bound (28). For that 
reason, we include in our set of unlikely events also the ones defined by (57). 

Remark 2. The three constants in our construction, k,(3,(3' entering (7), (56) and (57) are fixed 
as follows: (3' > (3 > (3{f3 r ) and k > k{(3). 

Remark 3. The virtues of this partition of phase space can be seen in Lemma 4.1 and 7.4 below. 
The bound (59) and Proposition 2 will imply that large intervals are unprobable. On the other 
hand, (58) and (139) will allow us to show that the argument of the exponential in (12) is less 
than —cRT, when the interval [0, t\ is replaced by an interval strictly including one of the intervals 
constructed here. This property will be essential in order to obtain bounds on the terms of the 
expansion constructed in the next Section. 

Taken together, the small and large intervals form a partition vr(k) = J\, . . . , Jjy of the total 
time interval [0, t}. We arrange them in temporal order and write Ji = [rj_i, Tj] with To = 0, tn = t. 
Our construction has the following properties 

Lemma 4.1. Let J = [r', r] be a T-interval J G vr(k). 

(a) If J is small, then 

2 kn < 0T and 2 k - < 0T, (58) 

ncJ 

(b) // J is large, then J may be written as a union J' U J" so that 

1J> > \P\A (59) 
and J" is a union of intervals [(n — 1)T, nT] satisfying (57). 

Remark 4. At both ends of any interval, either large or small, we have 2 kn < j3T (otherwise the 
interval would be large, not small, or would not end there). Note that we have [3 here, not the 
smaller f}' of (58). So, if to is such that D n (uj) is in the support of <j>k n , we have: 

\\lo(t)\\ 2 < 8/3RT (60) 

where r is the endpoint of the interval. 

Proof of Lemma 4.1. (a) A small interval cannot be an L for which (56) holds nor an interval 
[(n-l)T,nT] satisfying (57); hence, (58) holds. 

For (b), let J' be the union of the L in J with L such that (56) holds. We may cover J' by a 
subset Li, i = 1, . . .p, of these intervals, in such a way that Li n Lj = for \i — j\ > 1. From (56, 
55), we deduce that > hP\L\ and then, 

7J'>^£7Z;>^IA 

□ 

In order to obtain the analogue of what in Statistical Mechanics is called the high temperature 
expansion, we need to write the sum in (27) as a sum of products of independent factors. As 
a first step in that direction, we would like to express the sum in (27) as a sum of partitions 
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7r = (J\, . . . , J n ) of [0, t] into T-intervals and sums over kj G N Ji . However, a moment's thought 
reveals that the sum over k creates correlations between the different kj. E.g. Jj being small is a 
very nonlocal condition in terms of k: nowhere in the whole interval [0, t] can there be a k n large 
enough to create a L G C that intersects Jj. Given an arbitrary T-interval J and k 6 N J , we 
may define, in the same way as we did above for [0, t], the partition vr(k) of J into small and large 
intervals. In particular, 7r(k) = {J} means, if \J\ = T, that k is such that J is small or large 
depending on the label on J and, if | J\ > T, that k is such that J is large. Then, we have: 

Lemma 4.2. Let it = { Ji, . . . , J^} be a partition of [0, t\ into T-intervals and let kj £ N J< be given 
such that 7r(kj) = { Jj}. Let k = (ki, . . . , kjy). Then 7r(k) = Uj7r(kj) if and only if the kj satisfy 
the constraints 

VL C Ji U J i+ i so that LnJj/0/Ln J i+1 : -y L < 0(L) (61) 
for alii = l,...,N- 1 

Proof. Assume first that 7r(k) = Uj7r(kj). Hence 7r(k) = it and by the definition of 7r(k), every L 
such that 7£ > f3(L) is contained in some Jj. Thus, (61) holds. 

For the converse, observe first that, by the definition of the partitions vr(k) and Uj7r(kj), their 
sets of small and large J's are entirely determined by the set of connected components of C given 
by k on [0, t] for 7r(k) and the set of connected components of Ci given by kj on each Jj for Uj7r(kj). 
Thus it is enough to show that their connected components coincide. The intervals satisfying (57) 
obviously coincide. By definition of and of the large intervals, each connected component of 
Ci must be contained in a connected component of £, since k = (ki, . . . , kjv)- Now, using (61), 
we show the converse, which will establish the claim. Let L be a connected component of C. If 
L C Ji, then L is a connected component of £j. Thus, if the claim is not true, there must exist a 
connected component L of C, such that L is not included in any Jj and such that > (3(L). By 
(61), L cannot be included in two adjacent J's either. Thus, there must be a connected L with 
7L > (3(L) = (3\L\ and J, such that L n Jj_i / 0, L n J i+1 / 0. Then L = L 1 U L 2 with L U L 2 
having the midpoint of Ji as a common boundary point. Hence, by (61), 7^ < (3(Li) = (3\Li\ since 
\Li\ > \T. Thus 7^ = 7L1 + 7l 2 ^ /^l-^l = /?(-^)> which is a contradiction. □ 

Consider now the sum (27). Let 7r(k) = { J\, . . . , Jn}. Define the Girsanov factor 

gjAu) = e J * (62) 

where we recall that f(t) and u, given by (20) and (21), and thus gj v depend on the whole past 
i.e. on s([0, Tj]) and 1(0). Let kj 6 N Ji be the restriction of k to Jj, let us denote by Xk, * ne 
corresponding product (26), and let 

^(ds(Ji)) = X^gj^t^W)- (63) 

We can then write 

N 

X^i i0 )(ds) = l[^(M-W)- (64) 
i=i 

Let 7T be a partition of [0, t] into T-intervals with labels "small" or "large" on the ones of length 
T. Let us define, for such a labelled T-interval J, lj(k) to be the indicator function for the set 
of k 6 N J such that 7r(k) = { J} (i.e. if | J\ = T lj is supported on k so that J is small or large 
depending on the label and if | J| > T on k so that J is large). For two adjacent T-intervals J, J' 
let ljj/(k, k') be the indicator function for the set of (k, k') 6 N J x N J , such that 7^ < (3(L) for 
all L C J U J' which intersect both J and J'. Using Lemma 4.2, we may then write eq. (27) as 

N N-1 

IjiJi+i (kj, kj + i ). (65) 

*" ki...kjv»=l »=1 
13 



Note that this expression has a Markovian structure in the sets Jj, but each fj,^. depends on the 
whole past history. In the next Section, we shall decouple this dependence. 



5 Decoupling 

By decoupling we mean that we shall write //^ ) as a P r °duct of measures whose dependence on 
the past extends only over two adjacent intervals, and corrections. To achieve that, consider /j,^., 
for i > 2; remember that [0,t] is partitioned into intervals Ji = [rj_i,Tj] with To = 0, tn = t. Fix 
j < i, and introduce the drift with memory on [Tj_i,t] : 

f j (t) = PF(u j (t)) (66) 

where 

U j (t) = ( S (t),l(t,s([r j - 1 ,t]),0)) 

is the solution of (9, 10), with initial condition = 0. We denote by gij the Girsanov factor 

gj x (ujj) (given by (62), with f(t) replaced by fj(t)). Note that it depends only on the history 
s(b-i,Ti]). 

Since the characteristic function Xk t aL ^ so depends on the past through the lo dependence of 
(26), we need to decouple this too. We let 

Xk ij = II &»(A»(w,-))- (67) 
nc Ji 

We can now define the decoupled measure for j = 2, . . . , % — 1: 

^k l j( ds ( J i)l s ([^--i ) ^-i])) = xk i jfy^lJ.[_ 1 )( ds ( J ')); ( 68 ) 

this measure is defined on the paths on the time interval Jj and depends on the past up to and 
including the interval Jj. To connect to (64), we write, for i > 3, a telescopic sum 

i-2 i-l 

Mki = Mkii-i + S(Mkij - Mkd+i) = H ^k t ,j . (69) 
i=i j=i 

where by definition = fj,^ .; note that this term is the only one depending on 1(0). For i = 1,2 
we will set by convention ji = i — 1, s([t_i,to]) = w(0), and define Mk^ = Mkj- Inserting (69) into 
(65), we get 

N N-l 

A*L ( o)(*)=E E EIIUCkiK^WOIsd^-i,^!])) I] l./ l J l+1 (k,,k m ). (70) 

ki...kiv j i=l i=1 

One should realize that the leading term in the sum (70) is the one with all j i = i — 1 and k such 
that the partition vr(k) consists of only small intervals. Indeed, /^ji with j j 7^ i — 1 describes the 
change of fj,^. under variation in distant past. This will be shown to be small as a consequence of 
Proposition 1 and Lemma 4.1. On the other hand, the occurrence of large intervals will be shown 
to have a small probability, using Proposition 2. 

Therefore, we will group all these small terms as follows. Consider the set 

L'= (J b*-i>Ti] U WUJi+i) (71) 

ji<i—l Ji large 

where we have grouped the terms mentioned above, and also included the small intervals following 
the large ones for later convenience. Since our initial condition cj(0) is arbitrary, it is convenient to 
include also the intervals J± , J2 , and to let 

L = J 1 UJ 2 UL / . (72) 
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Let Ki,... ,Kn be the partition of [0,t] into T-intervals, in chronological order, where the -fQ's, 
which are unions of intervals Ji, are given by the connected components of L and by the small 
intervals Ji C L c . In the first case, \K\\ > 2T, since we always attach to a large interval Ji the 
interval Jj+i, see (72, 71); in the second case, \K\\ = T. 

Fix now K = [to,t], a T-interval and let Jo = [ r o — T,tq] ii £ K. Let k + ,ko € N T and 
s(Jo) € C(Jo,H s ). We define 

/xx((is(i ; C),k + |s(Jo),ko) = 

AT AT-1 

E E EII 1 Ji( k *Kj j ( (fa W)l 8 (['5i-i.^i])) II lj^ i+1 (ki,k m ) (73) 
t ki...kjv_i j i=i »=o 

where kjv = k + , for i = 1, s([r ?i _i, Tj_i] is replaced by s(Jo), and the sum is over 7r and j so that 
K equals V of (71) if ^ or L of (72) if € if. In the latter case, we replace s(Jo), ko by w(0) 
and the last product starts at i = 1. Note that, because of the presence of Jj+i in (71), the last 
interval in K is small. With this definition, we can then rewrite (70) as: 

M 

/"L(o)( ds ) = E E l[vKAMKi)Ms(Ji-i),ki~i) (74) 
t ki...k M i=l 

where the sum is over partitions 7r = (Ki, . . . ,Km) of [0,t] into T-intervals = [rj_i,rj] so that 
\Ki\ > 2T (because we included J±, J2 into K\, see (72)), and for i = 1, s(Jj_i), kj_i is replaced 
by ujq. Note that all the iQ's so that |^| = T are small intervals, and, in that case, Ki coincides 
with an interval Ji = [r, — T, r,]. 

The expansion in (74) has a Markovian structure in the pairs a = (s(if),k) = (s,k), and it is 
convenient to set 

jj, K {da\a') = /ZK-(<fo,k|s',k'). (75) 
We write for the convolution of such kernels: 

^K^K>'{d(j\a") = J fiK(da\a')fj,K"(dcr'\a") (76) 

where the integral means both the integral over ds' and the sum over k'. For \K\ = T, i.e. for a small 
interval, we drop the index K altogether in our notation and write n n for the n-fold convolution. 
With these preparations, let us then consider the expression (22) when the function F depends 
only on s: 

PV(0),T) = J /£ (0) ((fe)F(5(t)) = Y,j f M »K M ...vr i »K 1 (dv\u(0))ns(t)) (77) 

K,n 

where K = (K\, . . . , Km) are disjoint T-intervals of length at least 2T, \Ki\+TJ2 n i = n M > 0, 
rii > for other z's and M > 1. 

There are two kinds of transition kernels in (77), the unlikely ones hk and the likely ones fi n . 
The latter will be responsible for the convergence to stationarity and we will discuss them next. 
Let a = (s, k) with s = s( J) and J = [r, r + T], J = [r - T, r]. Define 

P(d S \s') = gj(u)uJ (T) (d S ) (78) 

where u(t) = (s(t),l(t,s V s'([r — T,£]),0), with sVs' being the configuration on [r — T, r + T] 
coinciding with s' on [r — T, r], and with s on [r, r + T]; we put P(ds|s') = if s(r) / s'(t); 5j(w) 
is the Girsanov factor (62) (which here, of course, because of the definition of lu, depends only on 
sVs'([r-T,t])). Let also 

Xk(s,s') = XkHlj(k), (79) 
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where 1 j(k) is supported on k so that J is a small interval. Then, (75) in the special case \K\=T 
gives: 

li(do\o') = Xk (s, s , )P(ds|s , )lj j(k', k). (80) 
Let p, be given by (80) without the lj j(k',k) factor: 

fl(da\a')=xi i (s,s')P(d S \ S ') (81) 

and write 

p = p, + A. (82) 

A(da\a') is a measure of small total mass, since it is supported on it's such that large intervals L 
intersect two adjacent small ones. So, let us expand: 

fi n = (/2 + A) n = J2 A™ 1 A ™ 2 • • • fl nk - 1 A nk . (83) 

We will state now the basic bounds for the transition kernels that allow us to control the expansions 
(80) and (83). Remember that the initial states s' in our kernels are on small intervals Jo = 
[r — T,t] (except for the /j,k with € K which has w(O) as initial state). This means that 
oj'(t) = oj(t, s'([r — T, t]), 1'(t — T)) is constrained to be on the support of the Xk with k such that 
Jo is small. This implies that all the transition kernels have initial states s' £ C s C C(Jq,H s ) given 
by (see (26) and the support of fa) 

C s = {s' \ D n(u') < 4(3RT , D T {J) < A/3'RT}. (84) 

nc Jo 

The first Proposition controls the unlikely events of having either A n , n > 1, or with 
\K\ > 2T (or both): 

Proposition 3. There exists c > 0, c' < oo, Tq = Tq(p,R) < oo such that, VT > To, and for 
\K\ >2T, orm>2, or m = 1 and \K\ > T, 

sup sup / \A m n K (da\a')\ < e-<\ K \ +Trn ^C K {uj{<d)) (85) 
k' s'eC s J 

where the sup is over k' so that Jo is small, ifO^K. C^(u;(0)) = 1 if ^ K and 

C k {uj(0)) = e^^^e^f^ (86) 

ifO e K. 

For the likely events we look more closely at p, n : 

fl n (da\a') = J fi(da\a")X n - 1 (ds"\s') (87) 

with A given by, see (81), 

X(ds\s') =J2Kd^') = J2^^')P(ds\s'). (88) 
k k 

The content of the following proposition is that A n relaxes to equilibrium: 
Proposition 4. There exist 5 = 5(p, R) > 0, p = p(p, R) < oo, such that, VT > To, 

sup / |A p (ds|s') - A p (ds|0)| < 1 - S (89) 
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6 Proof of the Theorem 



The proof of the Theorem is rather straightforward, given the estimates, stated in Propositions 3 
and 4, on the measures in (77). Note that the length T of the intervals entering in the expansion 
(77) is a parameter that has not yet been fixed. For simplicity, we shall consider only times t in 
(8) that are multiples of T; the general case is easy to obtain. 

We divide the proof into two parts: in the first one, F = 1 in (8) and, in the second, F is a 
general Holder continuous function. 

In the case F = 1, we integrate a function, Ie, depending only on s' and we may use (77). Let 

Ho(ds) = X p (ds\0) 

and rewrite (89) as 

sup / |A p ((fs|s') - no{ds)\ <1-S. (90) 
s'eCs J 

In (77), first, expand each /j, nt factor, for i = 1, . . . M using (83): 

H ni = (p,+ A)™ 1 = ^2 P> n%1 A m%1 ■ ■ ■ p, nik iA mik i . (91) 
Then we write, using (87), 

fl nij = t(\ p - !«> + W)) [ ^ ] A^ , (92) 

where A is defined by (88) and riy — 1 = [ w ' 3 p l ]p + qij, i.e. q^ < p. Finally, expand each of the 
resulting factors 

(X p — fJ>o + mo)^ 1 = E M aa ( AP " ^o,Mo) (93) 

where M aij is a monomial, of degree a-ij in the first variable. This way we end up with an expansion 
of P*(u;(0), l E ) in terms of products of [i K with \K\ > 2T, A m , X p - fi , A/2, p,, A 9 , with q < p, 
and of fio. 

Consider now two initial conditions uj(0) = loo,lj' and let \\uj' \\ < \\u>o\\. Let to = ^sll^oll 2 +T, 
and perform the expansion (91-93) for the factors fi Ui that occur after to in (77). Let, for n > to, 
Pni^o, Ie) consist of all the terms in the resulting sum that have Ho(ds) with s = s([(n — l)T,nT\) 
as one of the factors in the product. Note that, if n is larger than to, such terms always exist. 
Indeed, D\ > ^||u;o|| 2 forces 2 kl > 1 1 o^o 1 1 2 and thus implies that the origin is contained in a 
large interval of length %1 kl ; but longer intervals are not forced by the initial condition, and so, 
[i Ul factors are not forbidden in (77), after t - The same will be true for uj' , since ||w ll < ll^oll- 
Since, Ho(ds) is independent of the past, the sum in P^(ujo, Ie) factorizes and, for the times before 
(n — p)T, we recover the full p( n ~p) T . We have then 

P*(wo,l E ) = J P (n - p)T (u;o,ds')^o(ds)f(n,s,E) = J fi (ds)f(n,s,E) 
since p( n -p) T \uj , H 8 ) = 1. Thus, 

P^ujo, 1 E ) = PM, Ie), 

and we conclude that 

P\uo, 1 E ) - 1 e) = R\vo, Ie) - R'H, 1 E ) 

where -R*(a>o, Ie) is given by the same sum as P t (too, Ie) except for the terms that have a factor 
A»o(ds) with s = s([(n - l)T,nT}) for n > t . 
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We will estimate \R t (u>o, Note that it contains only, after time to, the factors fix with 

\K\ > 2T, A m , X p — /J.Q, A/2, /2, X q , with q < p, i.e. no /io factors. Let us count the powers of the 
various factors in its this expansion, using the definitions in eqs. (91), (92) and (93). The number 
Na of A-factors is 

N A = £77^. 

ij 

To count the number of X p — fio factors, note that only the term with a^- = [ " tJ p 1 ] in (93) enters 
(all the others having at least one /xq); 



£ <Ki = £ > \ £K' -2) = ££«i-£ Efo* + 2 ) ( 94 ) 



IJ IJ IJ I IJ 



where, in the last step, we used (91). Since J2i 1 = M 1 , where M' is the number of -fQ factors in 
(77) that do not occur before to, we get J2ij( m ij + 2) < 3AA + 2M', where the first term bounds 
the sum over rriij / 0, and the second the sum over rriij = 0. Thus, 

(94) > £(J> - 3iV A - 2M') >l(±+L-i ^(\Ki\ + 2) - 3N A ) (95) 

i i 

where in the last step we used TJ2 n i + J2 > t — to (remembering that we use the expansion 
in (91-93) only after time to)- 

In order to bound \BP(wq, 1_b)|, which is a sum of terms, we shall first bound all the factors in 
each term. For /j,jx, for \K\ > 2T, and A m , m > 2, we use (85) and, writing A/2 = A/x — A 2 , we 
obtain a bound like (85) (with another c), for A/2 instead of A/x; for A p — /to, , we use (89). The 
other terms have simple bounds: since fi(da\a'), defined in (81), is positive, we have 

sup / |/2(d<7|<7')| = sup / p,(da\a') < 1, (96) 

cr' J a' J 

and, similarly, by (88), 

sup / |A 9 (ds|s')| < 1; 

s' J 

We also have, for A m with m = 1, 

sup / \A(da\a')\ < sup / \p,(da\a')\ + sup / \n(da\a')\ < 2. 

a' J a' J a' J 

Observe that the last three factors occur always next to other factors: /2 or A at the beginning or 
the end of the products in (91) (actually, there is, in the full expansion, at most one factor A not 
multiplied by /2 or by hk) or ^ q a t the end of the product in (92). So, the summation in R l runs 
only over the sets Ki in (77) and over the occurrences of A in (91) (since only the term without a 
/to factor in (93) enters in R l ). Combining this observation, all the above inequalities and (95), we 
can bound R l by a sum of 

CV(0))(1 - 5)M^ a ) e -c(£l^l+™A) ) 

over the subsets K' consisting of the union of the T-intervals Ki and of the T-intervals where A 
occurs; here, C(u;(0)) = C#-(a>(0)), given by (86). Since to depends on ujq, we may absorb the factor 
(1 - <5)H^-) int0 C(w(0)), and we get: 



\R\uo, 1e)\ < C(w(0))(l - 5)^ } e ~ clK ' 1 < C(w(0))(l - y)^e e (97) 

K' 
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since the sums over subsets of [0, t] made of T- intervals can be identified with sums over subsets of 
[0, t/T] (remember that t a multiple of T). 5' is defined by 1 — 5' = (1 — S) ¥ and, like 5 and p, is 
independent of T. Therefore, choosing T large enough, (97) can be bounded by C(uj(0))e~ mt for 
some m > depending on R and T, i.e. on R and p [T will be chosen as a function of p in the 
next Section). Using a similar bound for R t (Lo' , 1 E ), we obtain that 

\P\uj(0), 1 E ) - PV(0), 1e)\ < C(u(0))e- mt (98) 

^From this, the existence of the limit lim^oo P*(cj(0), 1 E ) follows: indeed, write, for t > t', 

P t (u(0),l E )-P t '(u(0),l E ) = J P t - t '(u(0),duj)(P t '(u,l E )-P t '(u(0),l E )) (99) 

and use (98) 

\P*{u,l E )-I*{u;(0),l E )\ < (CH+CK0)))e-""'. 
Then we have, by (30) and (86), 

J I*-* (u(Q),du)C(u) < 3e c 'P' T e™e~* + C(w(0)) = C"(w(0)). (100) 

ra>|||cJo|| 2 

Hence, lim^oo P*(o;(0), 1_e) exists, and (8) with F(l') = 1 also follows. 

Now, consider (8) for a general F = F(V). Write F = F — Fq + Po, where, by definition, 
F (l) = F(l(t, 8 ([±,t]),0)). Then, 

P*(u,(0),P) = | mL(0)(^)(P - Po) + / /£(o)(<*0*b. (101) 
Let us start with the first term. We write it as 

J pl (0) (ds)(F -F ) = J pt (0) (ds)(F - Po)!. + / mL(0)(^)(P - F )(l - 1«) (102) 

where l w is the indicator function of the event ||w(|)|| 2 > Pi- By the probabilistic estimate (30) 
the first term may be bounded by 

2||P|| 00 P(||^)|| 2 > Rt\u(0)) < CV(0))||P|| a e- ct (103) 

where ||P|| a is the Holder norm of P. 
For the second term, write it as a sum 

/ fl( 0) (da)(F - P )(l - 1 W )1 D + J mL(o)(^)(P - P )(l - UU - Id) (104) 



where Id is the indicator function of the event aY? n= t +1 D n (u) > |Pi. Using again the probabilis- 
tic estimates, we have, by (28) (with replaced by |) and the constraint 1 — l w , i.e. ||u;(|)|| 2 < Rt, 
that, for k large: 

J pi {0) (ds)(F - P )(l - 1 U )1 D \ < C\\F\\ a e- ct . (105) 

For the second term in (104), we use the fact that P is Holder continuous: 

|P-Po| < \\F\\ a \\l(t, S ([t,t],0)-l(t,s([0,t],l )\\ a , 

and 

||/(t,s([i,t],0)-/(t,s([0,t],Z )|| = ||/(t,s([|,t],0)-/(t,s([l,t],/(|))|| <e" cra , 



1Q 



which follows from (12), with [0,i] replaced by [%,t], given that we have here both the constraint 
that 




and that ^(f ) - / 2 (f )|| 2 = )|| 2 < )|| 2 < Rt. Thus, 

1 1 mL (0 )(*)(^ " *b)(l - l w )(l - 1d)| < ||F|| Q e- caffi (106) 
Altogether, combining (102-106), we get: 

| J ^ {0) (ds)(F - F Q )\ < C(u(0))\\F\\ a e- ct . (107) 

where c = c(R, a). 

Returning to (101), we will finish the proof by bounding 

J /4(ds)F -| ^,(ds)F . 

We insert the expansion (74) in each term and integrate over s([0, t]); since Fq depends only on 
s([£,t]), we obtain, in each term of the sum, a formula like (77) for the factors occurring before 
the first Ki intersecting [|,t] (and an expression depending on Fq for the rest). Now, expand 
the resulting factors fi ni , after to, as above (see the arguments leading to (97)). As before, let 
P^(u>o,Fq) collect all the terms containing a factor fj,o (after to and before the first Ki intersecting 
Again, P^(uj ,Fo) = P^(u ,F ). Now, for R t (uj ,F ), we first bound F by its supremum, 
then bound each term of the resulting expansion, using (96) for the \i factors and (85) for the other 
factors. The result is 

| J nt (ds)F - J ^,(ds)F \ < C(^(0))||F || oo (l - 5') t/2T e e ' CT ^, 

where the (1 — 5') t / 2T factor comes from the fact that, in R, we have only the factors fix with 
\K\ > 2T, A m , X p — fio, A/2, £l, A 9 , with q < p, appearing during the time interval [to,t/2] 
and we can therefore use (95), with t replaced by t/2 to obtain a lower bound on the number of 
A p (ds|s') — ^o(ds) factors. Combining this with (107), (101), we obtain (98) with \e replaced by 
F. To finish the proof, we can now use arguments like (99-100) to get (8) in general. □ 



The next two Sections will be devoted to the proof of, respectively, Propositions 3 and 4. 



7 Proof of Proposition 3 

Consider the expression 

X(a') = J |A m ^ A -(d<7|<7 / )| (108) 

for K = [to, t] a T-interval. Let ir = (J±, . . . , J n -m) be a partition of K in the sum (73) and define 
also for i £ [1, m] J n - m+ i = [r + (i — 1)T, r + iT\. Hence the J«, for i £ [1, n], form a partition of 
the set K = [r , r + mT). Let k« G N Ji , i = 1, . . . ,n. Set k = (ki, . . . , k n , ) G Nl x l +mT . Finally, 
let j = (j3j • • • ,jn-m)- Then combining the definitions (73), (75), (80) and (82), we can bound 

Yl — TYl ft 

X(o>) < E/ | II Mk i ,^(ds(J i )|s([r ?i _ 1 ,r i _ 1 ])) f[ Mkii _ 1 (ds(J i )|s(J i _i))|l(k|k') (109) 

7rkj i=l i=n— m+1 
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where s([tq — T, To]) = s' unless € K, in which case s' = cj(O). We also put 

n— m— 1 rt— 1 n 

l(k|k')= 1] U./m(ki,k m ) [] lWm(ki,k m )-l|nU(ki), (HO) 

i=0 i=n—m i=l 

with ko = k' and the sum over tt, j, has the constraint that the set (72) or (71) is K. Let 
T = {i | ji ^ i — 1} C {3, . . . , n — m}. For i el, we rewrite /^j; ( see ec l- (69)) as 

Mkiji = \k,,.«/. - Xkiji+iQiji+i = ( 5 iX + Xkiji+i S i9)9iji 

where 

= Xk^ " Xk^+i ( in ) 

and 

5 . 5 = l_^i±l. (112) 



Introducing the probability measures 

n 

"■ ~ 1T " ' "s(r) 



^ = 11^^12)' ( 113 ) 



where = i — 1 if z > n — m, we can write (109) as 

X(a') < E E / II 1**1 II Xk di+ il<^l LI X ki *-iMjl(k|k') = E / ^kj^jl(k|k') (114) 

7rkjAcX J ieA i£B iaC TrkjA 

where B = 1 \ A and C = {1, . . . , n} \ 1. 
Letting 

(112) can be written as 

§ . g = 1 _ e /j. W/W^-'^W-Zii (*)*))- i/ J .(«i/(*).7- 1 */(*))* = i _ ^. (n5) 

and 

= II &»(A»K))" II <MA»K+l)) (116) 
ncJi ncJi 

We will now undo the Girsanov transformation, i.e. change variables from s back to b. Let 
E denote the expectation with respect to the Brownian motion b with covariance 7 on the time 
interval K. Then, 

/ ^kjAMj = EK^ A (117) 

where TZ is given by the same expression as before, but the symbols s and Uj i have to be interpreted 
as follows: s is the progressively measurable function of b defined on each interval J« as the solution 
of 

ds(t) = f ji (t)dt + db{t), (118) 

where fj(t) = PF(u)j(t)) and ujj(t) = s(t) + l(t, s([tj_i, t]), 0), with, for i = 1, s([r 71 _i, To]) replaced 
by s'(Jo), which expresses the dependence of (117) on s'; Hi, defined by (115), can be written: 

h = JjS hf{t) '^ ldb{t)) -? JjXSim^Sifiwt. 
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We will call the tOj^t) collectively by 



= uj k (t) for t G Ji, (120) 

and reserve the notation for the solution of the Navier Stokes equation (4) with given b(K) 
and with initial condition u)(tq) = {s(tq), 1(to, s'(Jo), 0)) determined by the s' in (109). 

Remark, cjj (t) is not a solution of (4) on the interval K with initial condition given at time r. On 
each interval Ji it solves (4) but when moving to the next interval the Z-part is possibly set equal 
to zero, depending on j. 

The following Proposition contains the key bounds needed to estimate (117). 

Proposition 5. Let b belong to the support oflZ^ A in (117). Then, there exists a constant c such 
that 

\\Sif(t)\\ < e-^fldtatW-J*) = e . (121) 

and 

n i*xi n x kdi+ i n x^-i < n ^ 

ieA ieB ieC ieA 

where lk(^) is the indicator function of the set of b G C(K, H s ) such that, for all n C K , we have 
D n (oj) G [2 fe ^ 1 i?,2 fc " +3 i?], fork n / 0; £> n (w) G [0,512], fork n = (123) 
and lo is the solution of the Navier-Stokes equation explained above. 

Let r]i(t) be the indicator function of the event that &if(t) satisfies the bound (121). r)i(t) is 
progressively measurable. Since rji = 1 on the support of the summand in (114), we may replace 
Sif(t) there by rji(t)5if(t). Denote Hi, defined in (115), after this replacement, by Hi. We have, 
using (122), 



ieA \ieB I 



ieA Vies 

and inserting this to (114) 



X(a') < E II I^MKlK 1 - (124) 

njAieA ieB 



where 



l 7r H = E 1 kHl(k|k / ). (125) 
k 

The expectation in (124) is bounded using Schwarz' inequality by 

(^na-fli) 2 )*^)* (126) 

ieB 

To estimate the first square root renumber the intervals Ji for i G B as J\, . . . , J^, Jj = [a^, <7j] with 
<7i > Oi > CT2 . . .. Denote expectations in the Brownian filtration T T by E T . Then 

E - Hi) 2 = E a ,(E ai ((l - H x f | ^,) [](1 - ^) 2 ). (127) 

ieB i>l 
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Expanding (1 — Hi) 2 = l — 2Hi + H 2 , we first bound from below, using (121) and Jensen's inequality, 

E^H^,) > eX p(-i|J 1 |e^i). (128) 

For an upper bound for the expectation of Hf, we use 

Lemma 7.1. Let ((t) G C([0, t], H s ) be progressively measurable. Then 

eJI^-^^+x $l(^-\)dt < ^(l+Ajtiicii^- 1 ( 129 ) 

where ||C|| = sup T | |C(r)| | 2 . 

Proof. This is just a Novikov bound: we bound the LHS, using Schwarz' inequality, by 

( ^(2C,7- 1 *)-2^(C,7- 1 C^) ) i(^ e 2(l+A)/ t (C,7- 1 C)d^ 

and note that the expression inside the first square root is the expectation of a martingale and 
equals one. □ 

Applying Lemma 7.1 to £ = 2rjiSif and A = - j we obtain 

E^HtfoJ < exp^Jile^- 1 ). (130) 

This and (128) imply 

E^l-H^ 2 | T^) < ClJ^ejp- 1 exp^Jile^p- 1 ). 
Iterating the argument, we arrive at 

i?n(l-^) 2 < WCUMfp-^MC^eip- 1 ). (131) 

Since dist(Jj, Jj.) > T, by choosing T > T(p) we may bound the i:th factor in (131) by e» if Jj 
is small (so that |Jj| = T) and, by eje 5 '^' if J« is large, where 5 can be made arbitarily small by 
increasing T. Thus, we may combine (124), (126) and (131), to get 

*v)<e n e- cKmist ^ j ^ n z 5iJii (Eii) h . 

Writing c = 2c\ , the sums over j and A are controlled by 

J~J e -ciK J Rdist(J l ,J ii ) < e -c 2 KRT\AuB\ 
j i&AuB 

(since dist(Jj, JjJ > T) and 

^ e -c"nRT\A\ < 2 \K\ 
ACK 

and the last expectation by 

Lemma 7.2. Under the assumptions of Proposition 3, 

Ell<C K (ui{<d))C\ K \ +mT e- c P' mT J] e- c/3 'l J *l 

Ji large 

with Ck(u(0)) has the same form as in Proposition 3 (with another d ). 
We are thus left with the bound 

X(a')<C K (u J (0))C\ K \ +mT e- c f' mT Y / II e ~ C ^ H SU P II e - ClKMist ( J " J ^. (132) 

t J; large J ieX 



9.^ 



where we recall that X = A U B = {i | ji / i — 1}. 

Let first ^ K. Then JT is the union of the sets on the LHS of (71). Each small J is either 
a subset of [r^-i,^] or a Jj+i for Jj large. Thus the summand in (132) is smaller than e~ c @ 1^', 
for kR > (3'. For £ K, we have a similar bound, except that Ji, J2 may be small and not in 
any [r^-i,^] so that |K| is replaced by \K\ — 2T; but the 2T may be absorbed to the d (3'T in 
Ck(^o) (see (86)). The sum over ir is a sum over partitions of if into T-intervals (with labels for 
the intervals of length T), and thus is bounded by C' X L Thus the claim (85) follows for j3' large 
enough. □ 

Proof of Proposition 5. Let us start with the proof of (122). For that, we need to have a 
bound on the difference |-D n (wjJ — D n (uj j : )|, which is the difference between the arguments of 
the two x functions in (111) (see (67)). For that, we need some lemmas. Remember the definition 
ojj(t) = u(t, s([Tj-i,t]),0). We have 

Lemma 7.3. Let n> m> n, i > j. Then 

\D n (ui) - D n {u,j)\ < e- KR{n - m - 1)+a ^=^ D ^\\\Sl(m)\\ + ||<5/(m)|| 2 ) (133) 

where 51 = l\ — lj. 
Proof. By definition, 

\D n ( Ui ) - Dnfa)] < || sup ||l<(t)|| 2 - sup ||«j(*)|| 2 | + I / ||VZi(t)|| 2 rft- / \\Vlj(t)\\ 2 dt\ (134) 

t t in Jn 

The second term is bounded by 

/ ||V«(*)||(2||Va; i (t)|| + ||V«(*)||)rft, (135) 

Jn 

Remembering the calculation in Proposition 1, (16), (17), we have: 

/ \\V5l(t)\\ 2 dt<\\5l(n-l)\\ 2 + a [ \\8l{t)\\ 2 \\Vu}i{t)\\ 2 dt. (136) 
Jn Jn 

Using (12), the second term is bounded by 

a f ||Vwi(t)|| 2 e 2a ^»-i l|Vwi(T)l|2 ||^(Ti — 1)|| 2 < (e 2ttD »( w *> - l)||«(n — 1)|| 2 (137) 
Jn 

which, together with (136), yields 

/ \\V5l(t)\\ 2 dt < e 2aDn ^\\6l{n - 1)|| 2 . 

Jn 

Now, using this for the second term on the RHS of (135), and Schwarz' inequality to bound the 
first one, we get 

(135) < 2D n {uj i )^e aD ^ ) \\5l{n- 1)|| + e 2aD " (Wl) ||<5/(n - 1)|| 2 , (138) 

since J n \\VuJi{t)\\ 2 dt < D n (ui). 

For the first term of (134), use ||Jj(t)|| 2 = \Mt)\\ 2 + 2(5l(t),k(t)) + \\5l(t)\\ 2 to bound it by 
2su Pten + su Pten ll^(*)H 2 > which, by Schwarz' inequality, sup t6n \\k(t))\\ < D n (ui), 

and (12), leads again to the bound (138). This yields our claim if we use (12) to bound ||<M(n— 1)||. 
□ 

To be able to apply this lemma, we need to bound D p {ui) in the exponent of (133); Note that 
the functions x m (H4) put constraints (to be in the interval [2 kp R, 2 kp+2 R], for p G Ji), but the 
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latter apply to D^UjJ or D p (uj i+ ±), not directly to D p (uji). So, we need to compare those different 
D^s. This will be done in Lemma 7.5 below, whose proof will use 

Lemma 7.4 Suppose that u C J q and p < q — 1. Then 

2 kl < 2/9(u-T p _i). (139) 

t p _i<Ku 



Proof. Let q < n — m. Then L = [r p _i,it] cannot satisfy (56) (otherwise [r p _i,it] would be inside 
the same large interval) and so, 

1L < P(U ~ T p _i) (140) 

and the claim is true. So, suppose that n — m < q. The interval L = [r p _i,r n _ m _i + 1] (which is 
empty if n — m < p) cannot satisfy (56) either and so, 

JL<P(\L\ + 1). (141) 

The intervals Jj are small if i > ti — tyi (t/ n _ m is small since the last interval in K is small) and 
thus 7j t < P\J{\ = P(t{ — Ti-i). Hence, (141) holds for L = [r p _i,r 9 _i]. Altogether, we get 

J2 2 k '<P(r q . 1 -r p ^ + l)+ ]T 2 fc <. (142) 

T p -i</<n r q _i<i<u 

The last term in (142) is bounded by /3max{^T, u — T q -{\ < (5(u — r g _i + iT), since the small J q 
cannot contain an L satisfying (56). Hence, (141) is bounded by [3{u — r p _i + 1 + ?T) which in 
turn is bounded by (139) since u — r p _i >T. □ 

Lemma 7.5. Let s be in the support of the measure in the summand of (114)- Let q>2ifO^K, 
q > 3 if G K. Let n C J q and i,j<q — l. Then, 

|D„(wi)-I>„(wj)|<e-* Tfl (143) 



Proof. We perform an induction in q. Suppose that the claim holds up to q — 1. Let n C J q . In 
eq. (114), because of the functions %, the measure is supported on configurations where, for each 
p, either, Vm C J p , D m (ujj p ) is constrained to be in the interval [2 km R, 2 km+2 R], or, Vm C J p , 
D m (ujj p+ i) is constrained to be in that interval; remember that both j p and j p + 1 are less than or 
equal to p — 1. Let us consider, for each p, an arbitrary choice between j p and j p + 1 and call it j p . 
Thus, to repeat, 

D m {uj jP ) € [2 km R, 2 k ™ +2 R] for m C J p , f < p - 1. (144) 

Since the support of the measure in (114) contains only configurations such that (144) holds for 
some choice of the function j p , it is enough to bound \D n (u>i) — D n (ujjq)\ and \D n (uj) — D n (ujjq)\ 
for an arbitrary function j p , assuming that (144) holds. 
^From Lemma 7.3, we get, for n C J q , 

IA.0*) - D n {u jq )\ < g-^'-^EU ,-^ Dm ^ q \\\Sl(T q ^)\\ + II^OH 2 ) (145) 

where SI = l{ — Ijq. We need to estimate ||<5Z(r ? _i)||. For this to be nonzero, i and j q cannot be 
equal, and they are both less than or equal to q — 1. So, let us say that i < q — 1. Then, by 
Proposition 1, 

II^OII < e-^- 1 -^- 2 ^— g _ a+ i^(««)|| tfz(7 . fl _ 2) ||. (146) 

9n 



Now, use (144) for p = q, to get that, in (145), D m (ujjq) < 2 km+2 R; in (146), we note that, since 
m C Jq-i, and since both i and j q ~ x are less than or equal to q — 2, we have, by the induction 
hyphothesis, 

\D m {u)i) - D m (u jq -i)\ < e~? TR 

and so, D m (uji) < 2 km+2 R + e~? TR < 2 km+3 R. Since we shall show below that ||<5Z(r 9 _i)|| < 1 
which implies ||<5Z(t 9 _i)|| + ||5Z(r g _i)|| 2 < 2||<5Z(t 9 _i)|| we obtain, by combining (145) and (146), 

(145) < 2 e -^- 2 - 1)+a ^^- 2 - 2 " + V/(r ? - 2 )||. (147) 
Now, remember that i < q — 2. If j q = q — 1, then ljq(T q - 2 ) = and 

||«(r,_ 2 )|| = \Hr q - 2 )\\ < \Hr q -2)-l^(r q -2)\\ + ||^-i(t,_ 2 )||. 

Since both i and j q ~ are less than or equal to q — 2, the first term is bounded by e 7 , using 
the inductive hyphothesis. For the second term, we use pjg-i (r g _2)|| 2 < ||u;j 9 -i(r (? _2)|| 2 < 8(3RT, 
see (60). Thus, altogether, 

(r q -2)\\ < {Cf3RT)K 



If j q < q — 1 then, by induction, ||<5Z(r g _2)|| < e % TR . By Lemma 7.4 , eq. (139) 

n 

l km <2/3(n-r 9 _ 2 ). 

TO=T q _2+l 

Combining these observations, 

(145) < e- (K - c ^ TR (Cl3RT)? 

since n — T q -2 > T. The same result holds for i replaced by j and hence also for D n (uji) — D n (ojj). 
Thus, the inductive claim (143) follows provided k > k((3). 

To start the induction, we need to distinguish the cases £ K and ^ K. Start with the 
latter. Let Jo = [tq — T, tq\. We have q = 2, {i,j} = {0, 1} (since the case i = j is trivial). Now 
j 1 must be or 1, i.e. we may assume LOi — tOj = uii — Uji. Since for m C J±, D m (tjji) < 2 km+2 R, 
Proposition 1 implies, with 51 = k — lj, 

\\Sl(n)\\ < e- KR(T1 ~ T °- l)+aR ^r 0+1 2k - +2 ¥l{To)l (148) 

Thus we need to estimate ||5Z(ro)||. Since Zi(ro) = 0, this equals Po(t"o)||- But this in turn is, 
by (60), bounded by ||cjo(to)|| < (8/3 i?T) 7 . We may now proceed as above, using (145) to obtain 
the claim for q = 2. 

Let finally £ K. Now we start the induction from q = 3, and may assume i = 1 and 
j = 2. We should also remember that now, 0J\{t) = (s(t),l(t,s([0,t]),l(0)) for t £ [0,T2] where 
1(0) = (1 - P)w(0). By contrast, u 2 {t) = (s(t), l(t, s([n, *]), 0) for t G [ri,r 2 ]. For m C Ji U J 2 
we have D m (u>i) < 2 km+2 R since no decoupling was done on those intervals. Proceding as in the 
previous case we obtain 

\\6l(r 2 )\\ < e -^--- 1)+aR ^ 1+1 2fcm+2 ||/ l(ri )||. (149) 

Now, again by (60), ||Zi( T i)ll 2 < ll a; i(' r i)l| 2 < 8(3RT. We complete the proof for q = 3 again by 
using (145). □ 

Returning to the proof of Proposition 5 and, combining the Lemmas 7.3 and 7.5, we deduce 
that, for n £ Ji, 

— K,R(n—T- — l)+aR'S^ n 2 fc J>+ 3 

\D n ( Uji ) - D n ( Uji+1 )\ < e H Z ^=^ +1 (ll/^JH + \\l n (r n )f)- (150) 

9fi 



By (139) the exponent is bounded from above by —CKRdist(Ji, JjJ, for k > k{(3). Since dist(Jj, JjJ > 
T and H^faJH 2 < CRpT (using (60) and (143)), (150) is bounded by e { . Then, 

\$iX\ = I II <l>k(D n (u)j.)) - \{ <t> k (D n (uj ji+1 ))\ < \Ji\eil-k\jt 
ncJi nc Ji 

since we may choose <fik such that its derivative is uniformly bounded in k. We also used the fact 
that (f>k is supported on [2 k ,2 k+2 ] combined with Lemma 7.5 to bound by 1^ that has a larger 
support (the latter is much larger than what is needed, but our choice is notationally convenient). 
Similarily, Lemma 7.5 allows us to bound Xk-i-i an< ^ Xk j +i by lk- These observations lead to 
(122). 

The bound (121) follows from (151) below, using (12) to bound \\5l\\, sup ten \\uj(t)\\ < (2D n )? , 
and Lemmas 7.4, 7.5 to bound the exponent in (12). 

Lemma 7.6. Let f(oj) = PF{u) and u = s + I, u>' = s + I'. Then, 

WfW - /(u/)|| < C(R)(2\\u\\\\Sl\\ + ||«H|| 2 ) (151) 

with 51 = I — I' . Moreover 

\\f(u)\\<C(R)(\\u\\ + \\uf) (152) 

Proof. We have 



Ifel 

1/fcH - /fc(w')| < \ U k-p^p ~ Uj' K _ p u' p \ — 



V 

which, since \k\ < \^kR is bounded by 

\f^R^2 \ s k-p5l p + s p 5l k ~p + lph-p - I'pl'k-pV ( 153 ) 



p 

7/ ;/ 



Writing l p lk- p — Ipl'k-p = lp$h-p + h-p^p ~ Sl p Slk-p and using Schwarz' inequality, we get 

(153) < v/^R(2||u;||||<«|||| + \\5lf) 

which proves (151), since fk^O only for k < kR. The proof of (152) is similar. □ 
To finish this Section, we have only to give the 

Proof of Lemma 7.2. From (123) we see that a given uj can belong to the support of at most 5^1 
different 1^- Furthermore, if l n (^>) / then u must satisfy the following conditions (remember 
that P>CP'): 

a. For each J«, i < n — m such that Ji is large and ^ Ji, using (58) in Lemma 4.1. and (123), we 
get 

Mn-i)\\ 2 < 10TR, (154) 

(since Jj_i is small), and, writing Jj = [Tj_i,Ti_i + T] U Ji, either [rj_i,Tj_i +T] C J" (see Lemma 
4.1, b, for the definition of J") and so 

D Tl _ 1+T > \0TR and ]T L> n (w) > \0R\J~i\, (155) 

ncJi 

(where the second bound always hold for large intervals since we have (3' on the RHS; note, however, 
that Ji could be empty) or J- n [rj_i,Tj_i + T] / and so, in particular, J[ / and by (59) and 
(123), 

D n {uo) > \(5RT + \(3'R{\Ji\ - T). (156) 

nc Ji 
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Let li be the event (155) and Lj the event (156). 
b. For € Ji, if J\ is large, then 



D n > i/3'iilJil. (157) 

ncJi 



Let l\ be this event. 



c. For the set K' = K \ K = [T n _ m ,r n ], (154) holds for i — 1 = n — m, because, by construction, 
the last interval in K is small and 

J2 D n {u) > l(3R(m - 1)T (158) 

ncK' 

(since nearest neighbour Jj's have to be intersected by L with > JT). Let L' be the event (158). 
Let B be the ball in H of radius IQfi'RT and define 

T]i = SUp P(k\ Ul(ji-l)) 

ui(Ti-i)eB 

Si = sup P(Li\ w(rj_i)) 
w(ri_i)eB 

e' = sup P(L'| cj(r n _ m )) 
i^(T„- m )e-B 



and in the case of € K, 
Then we have, for ^ K, 



m = P(h\v(o)) 



Ji large 



and, if G -fC, we have r/i for i = 1 replacing 771 + 61. We estimate the e's and 77 using Proposition 
2. 

For r/j, ^ Ji, apply Proposition 2 with replaced by Tj_i (where we use (154)) and t by 
Ti_i + T- 1, and (155): 

r?i < e Cie ~ cT/3 " r - C2 ' 3 'l Jl l < e" c/3 ' |Jl1 , 

for T large, using also |Jj| = |Jj| + T; 

For £j, Proposition 2, with replaced by Tj_i and (156) give: 

Si < e c 'P' T ~ c ^ T - c ^'\ J i\ < e -c/3Vil 
which holds for (3 > C/3'; for e', Proposition 2, with replaced by r n _ m , and (158) give 

g / < e c^T-c'/3(m-l)T < e _ c/ 3( m _l)T ^ 15g ^ 

using j3 > C(3', and provided m > 1. For G Ji, Ji large, Proposition 2 and (157) give 

m < min{ e * IK0)l|2 - c,/3 ' |Jl| ,l} < e iW^)\\ 2 -48)13' \.h\ 

for any c > 5 > with c(<5) = (54 (write c = c — (5 + 5, and use the fact that ^^||^(0)|| 2 < 
(c' — c(S))P'\ Ji|, whenever -^||u;(0)|| 2 — c'/3'| Ji| < 0). We take 5 = % (we can always assume that c 
is larger than that). Hence, altogether, if G K, 

E1 2 < e sfell-(0)|| 2 eC /3'T e c|X| e - C /3'(E Jll a rgc l^l+- T ) 
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where e c/3 ' T allows to replace m — 1 by m. Finally, if ^ K, 



El 2^ e c\K\ e -cP'{Y.j li ^\ + ^) T ) 

These inequalities give the claim (since \K'\ = \K\ + mT) except in one case: no large Jj, ^ K 
and m = 1. In that case, J n -m+\ and J n - m and J n _ m _i are all small (J n _ m _i is included in K, 
unless |if | = T, in which case the supremum in (85) is taken over s' G C s , with Jo in (84) equal 
to J n - m -i). Hence, (85) holds fori — l = n — m — 1. We may then apply Proposition 2 with 
replaced by r n _ m _i, use the fact that m = 1 means that there is an interval L, where (61) is 
violated, intersecting both J n - m +i and J n _ m , and get (159) with m — 1 replaced by 1(= m). □ 

8 Markov chain estimates. 

The goal of this Section is to prove Proposition 4. Although A(ds|s') defined in (88) does not define 
a Markov chain, because of the indicator function J2k Xk( s > s ')> it is close to one, at least up to the 
time p in which we are interested, and the proof will be based essentially on Markov chain ideas. 
To see how close A is to a Markov chain, compare it with P(efe|s') = gj(uj)vJ,Jds) (see (78)), 
which is thus like A, but without the ^k Xk( s > s 0; the function 1 — ^ k Xk( s > s is supported on k's 
such that J is a large interval. For s' G C s , we have ||u;(t)|| 2 < 2/3'TR and we can use Proposition 
2 to show that there exists a c > 0, such that, Vs' G C s , MB C C s (note that the support of A is 
included in C s ), 

\X(B\s') -P(B\s')\ < e~ cT , (160) 

and 

P(C s \s') > 1 - e~ cT ; (161) 

Indeed, if J is large, either there is an interval L C J where (56) holds, and we use (28) for that 
interval, with replaced by r, ||w(r)|| 2 < 2(3'TR and (3 > Cf3'. Or (57) holds, i.e. D T+T > f3'TR, 
and we can use (28) with replaced by r and t = t' — 1 replaced by r + T. Now, we state the main 
result of this Section: 

Proposition 6. There exists a constant 5 > 0, 5 = 5(R,p) but independent ofT, such that 
Vsi, s 2 € C s and MB C C s , 

A 2 (£|si) + A 2 (£ c |s 2 ) > S (162) 



Remark. The important point in this Proposition is that 8 is independent of T. The same will be 
true about the constants 5\, 62, used in the proof (see (174), (176)). 

Before proving this Proposition, we use it to give the 

Proof of Proposition 4. We shall use the previous Proposition and a slightly modified version 
of an argument taken from [3], p. 197-198. Let, for B C C s , 

\{n,B) = inf A n (B|s), X(n,B) = sup \ n (B\s). 

sec s seCa 

Fix si,S2 G C s and consider the function defined on subsets B C C s : 

Vs ll82 (5) = A 2 (B| Sl ) - X 2 (B\s 2 ). 
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Let 5+ be the set such that y Sl ,s 2 (-B) > for B C S+ and ^ SliS2 (P) < for B C C S \S+ = S~ 
(5 ± depend on si,S2, but we suppress this dependence). Observe that, by (160, 161), we have, 
Vs G C s , 

l-e~ cT < \ 2 {C s \s) < 1. (163) 
(with a smaller c than in (160, 161)). Then, 

^s 1 ,s 2 (5 + )+^s 1 , S2 (^)| = |A 2 (C s |s 1 )-A 2 (C s |s 2 )| <e~ cT . (164) 
Moreover, using (163, 162), and S + U S~ = C s , 

^ Sl ,s 2 (S + ) = X 2 (S + \ Sl ) - X 2 (S+\s 2 ) 

< 1 - (A 2 (S*-|s 1 ) + X 2 (S + \s 2 )) <l-5. (165) 

Thus, 

X(t + 2,B) - X(t + 2,B) = sup f(X 2 (ds\s 1 ) - A 2 ((fs|s 2 ))A*(P|s) 

s l5 s 2 J 

= sup f ij s s (ds)X t (B\s) 

s 1: s 2 J 

< sup (ip s iS (5+) A(t, 5) + ^ , s (S~ )A(t, B)) 

s l5 s 2 

= sup (ip Sl:S2 (S + )(X(t, B) — X(t,B)) + (Vs ll82 (5 + ) + V Sl ,s 2 (5-))A(t, 5)) 

s l' s 2 



< (1 — <5)(A(i, B) — X(t, B)) + e _cT 

where, to get the last inequality, we used (165) and (164) and X(t,B) < 1. We conclude that, 
Vs' G C s , 

|A 2n (B|s') - A 2n (B|0)| < A(2n, P) - A(2n, B) < (1 - 5) n_1 + 



Now, choose first n sufficiently large so that (1 — 5) n 1 < for some 5 > and then T sufficiently 

— cT -1 "r 

large so that ^-j— < Since, with p = 2n, 

/ |A p (ds|s') - A p (ds|0)| < 2sup|A 2ri (£|s') - A 2n (P|0)|, 

J B 

(89) follows, with 5 in that equation equal to 5 here. □ 

Proof of Proposition 6. First of all, observe that it is enough to prove (162) with A replaced by 
P: 

P 2 (B\ Sl )+P 2 (B c \s 2 )>5 (166) 

since we can then use (160) and choose T large enough to obtain the same result for A, since S is 
independent of T. 

It will be convenient to write P 2 (<is + |si) = / P(ds+|s)P(<is|si), where we write s + G Cf 
meaning s+ G C s C C([0,T\,H a ) (see (84)), and similarly si G C~ C C([-2T, -T], H a ), s G C° C 
C([—T, 0],H S ), which is the variable over which we integrate. 

Turning to the proof, we first get a lower bound on (166) by replacing B, B c by B n V + , 
B c n V + , where V + is defined by 

t 

V + = {s+ G C+| ]T D n("o) < (Rt, Vt G [1, T]} (167) 

n=l 



where £ will be chosen large enough below and uo(t) = s(t) + l(t, s+([0, t\), 0). To simplify the 
notation, we shall assume, from now on, that B C V + and B c = V + \B. 

Next, we obtain also a lower bound on P 2 (B\s\) = J P(B\s)P(ds\si) and on P 2 (B c \s2) by 
restricting the integrations over s, so that we have: 

(166) > y P(B|s)l(s|si)P(ds|si) + j P(P c |s)l(s|s 2 )P(ds|s 2 ) (168) 

where l(s|s') = lol[_i,o]l<-i with 

1 ( S (0)) = 1(|| S (0)|| 2 <3C'P), 

l [ _ 1)O] (s([-l,0])) = l( sup \\s{t)\\ 2 <CR), 
te[-i,o] 

l<_ 1 (s([-T,-l])|s') = l(||c(-l)|| 2 < C'R), (169) 

where w(-l) = a(-l) + Z(-l, s([-T, -1]), Z(-T)), with /(— T) = /(— T, s'([-2T, — T]), 0), and C, C' 
are constants that will be chosen large enough below, but with (' < CQ for C large (£, Q' play a 
role somewhat similar to 0, (3' in the previous Sections, but they are not necessarily equal to the 
latter). 

Before proceeding further, let us explain the basic idea of the proof. To prove (166), it would 
be enough to bound p ^ B j s ^j > 8. We do not quite do that, but first give, in Lemma 8.1 below, 

a lower bound on ^§t^\ for s, s' in a "good" set of configurations, i.e. in the support of the 
indicator functions that we just introduced. Good here means that the "interaction" (or, to be 
more precise, the analogue of what is called in Statistical Mechanics the relative Hamiltonian), 
expressed through the Girsanov formula (see e.g. (179)), between the paths in C° that are in the 
support of those indicator functions and those in V + is, in some sense, bounded. This relies on 
Lemma 8.5, which itself follows from the results of the previous Section. Next, we show that the 
probability of reaching that good set, does not depend very much on whether we start from si or 
S2 in C~ (see Lemma 8.2). This is rather straightforward, but depends on standard estimates on 
the Brownian bridge (see Lemmas 8.6 and 8.7) that we give in detail, for the sake of completeness. 
Finally, we need to show that the probability of the set of good configurations, as well as the one of 
V + , is bounded from below; this is done in Lemma 8.3. Remember that all the bounds here have 
to be T-independent, since this was used in an essential way in the proof of the Theorem (Section 
6). 

Now, we shall state and use the Lemmas that we need and that will be proven below. Let 

w = u- seC - S uMH-\s))- 

Lemma 8.1. 3c = c(R, p) > 0, such that, VP C V + , Vs, s' G W with s(0) = s'(0) and P(B\s') / 0: 



P(P|s) 
P(P|s') 

Defining 



> e p<bW) (170) 



h(B,s )= sup P(P|s) (171) 

seW:s(0)=s 



we conclude from the Lemma that for all s 6 W such that s(0) = sq, 



P(B\s) > £ B (s ) = h(B, s )e , (172) 
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where both sides vanish if h(B, sq) = 0. Hence, applying the same argument to P(P c |s), we get: 

(168) > £(^l(-|si)|si) + E{£ B cl(-\s 2 )\s 2 ) (173) 

where here £b, £b c are functions of s(0) and E is the (conditional) expectation. 
The next lemma controls the dependence on the past in (173): 

Lemma 8.2. 3Si > 0, Si = Si (R, p) such that Vsi,s 2 G C~ , VP C V + , 

E(£ B d(-\s 2 )\s 2 ) 

- 6l - (174) 

provided that, in (167), (169), Q' is large enough and ( > C(' for C large. 
Then, since any Si satisfying (174) must be less than 1, 

(173) > <Si(£(*b1(>i)|si) + £7(^bc1(-|si)|si)). (175) 

But, we also have: 

Lemma 8.3. 3S 2 > 0, S2 = S 2 (R, p), such that, Vs' G C~ , 

j P(y + |s)l(s|s / )P(ds|s') > S 2 , (176) 

and 

J l(s|B')P(ds|s') > \, (177) 
provided that, in (167), (169), £' is large enough and Q > CC,' for C large. 

Remark. The important point here is that S2 is independent of T; to show this, we will use the 
fact that, in (167), the condition on J2i increases sufficiently fast in time, so that, see below, (217) 
is finite (however, it should not grow too fast because, to prove Lemma 8.1, we need that it does 
not grow faster than linearly, so that (183) below holds, leading to the finiteness of (185)). 

By definition (171) of hs, and using this Lemma, we have 
£7(h B l(-|si)|si)+£;(ftBcl(-|si)|si) 



> 



J P(5|s)l(s|si)P(ds|Bi) + J P(P c |s)l(s|si)P(ds|si) 
= J P(F + |s)l(s|si)P(ds|si) > S 2 , (178) 

since BL)B C = V + . Now, we need the following straightforward consequence of Jensen's inequality: 
Lemma 8.4. For any probability measure P, 

E(£l) > E(h\) exp(-^4) > E(hl) exp(- 



E{hl)> ~ v > L K E(hl)" 

c 

where E is the expectation with respect to P, £ = he h , the functions h, 1, satisfy < h, < 1 < 1, 
h is integrable, and c G R+ . 

/,From (178), we may assume P(/i£l(-|si)|si) > ^ (if not, exchange B and B c ). Hence, 
applying Lemma 8.4 to E{£bI{-\s\)\s\), we get 

JW(-|Bi)|si)>£e*p(- 2c(i? ' P) ^ 



2 " v 5- 
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So, combining this with (168), (173), (175), we get : 

(166) > ^-exp( — ) 

which finishes the proof of the Proposition. □ 

Now, we still have to prove Lemmas 8.1, 8.2, 8.3. 
Proof of Lemma 8.1. Recalling (78) we have 

P(B\s) = J J^ f ^ 1{ds+ -^ M) h B v m {ds + ) ee J g\ B v m {da + ) (179) 

where f(t) = f(t,s + ([0,t]),l(0)), with 1(0) = Z(0, s([-T, 0]), 0), is a function of s + V s (the symbol 
V was defined after equation (78)), and u s ^(ds + ) is the Wiener measure with covariance 7, on 
paths starting at s(0). P(B\s') is defined similarly with f'(t) = f(t, s+([0, *]), Z'(O)) and /'(0) = 
1(0, s'([— T, 0]), 0). The corresponding Girsanov factor is denoted g' . Since s(0) = s'(0), we can 
write 

P ( B \ S ) Fp C(f,i- 1 (ds+-±fdt))-(f', 1 - 1 (ds+-±f>dt)) 
P(B\s') 

= Eef?U- f '"~ 1 & + - f ' M)) -*fU- f '>' r ~ 1 U- f ' ))dt (180) 
where the expectation is taken with respect to the normalized measure 

W^(o)(^s+) l B g'u s(0) (ds + ) 

jl B g'u sm (ds + )~ P(B\s>) ' 1 > 

By Jensen's inequality, 

(180) > e E{fi{f-f',i-\ds + -rdt))-\su-r,i- 1 {f-n)dt) (182) 

We will bound the argument of the exponential. For that, we need some estimates that follow 
from the results of the previous Section: 

Lemma 8.5. Vs, s' G W and\/s+ G V + , 

\\f(t)-f'(t)\\<C(R)e- ctR . (183) 

The proof of this Lemma will be given at the end of this Section. Returning to the proof of Lemma 
8.1, 

\E [ T (f-f',T l (f-f))dt\<c(R,p). (184) 
Jo 

since 7^ > p and, by (183), 

POO 

/ \\f(t)-f(t)fdt<C(R). (185) 
Jo 

To bound the stochastic integral in (182) we proceed as in Section 7 by defining 

r ] (t) = l(\\f(t)-f'(t)\\<C(R)e- ctR ) 

with c, C(R) as in (183). Since the measure with respect to which the expectation E is taken has 
support in B C V + and since (183) holds in V + , we can write, see (181), 

\E( J\f - f,r 1 (ds + - fdt))\ = I J g'du m ( j\ V (f - f'),r 1 (ds + - f'dt)))l B \ 
< (E^W - f),^db)f)h(j g'dv m l B )h 

pW) (186) 

S3 



where we changed variables: ds + — f'dt = db, using Girsanov's formula (backwards), and where Ef, 
denotes the expectation with respect to Brownian motion with covariance 7. Finally, using (185) 
on the support of 77 and the fact that / g'dv s ^ = 1, we get: 

(186) < C{R > P) 



P(B\s' 

Combining this, (184) and (182), we conclude 



P(P|s) 



> e p(b\s') _ 



P(B\s') 

which proves the Lemma. □ 

Let us turn to Lemma 8.2. It will be useful to study in some detail the paths over the interval 
[—1,0]. Let v S - 1 s {ds) be the (unnormalized) measure defined by the Brownian bridge going from 
s_i at time —1 to so at time 0, whose total mass is: 

^o,- 1 ) = n^ex P (-t2iZizrf), (187 ) 

where the product runs over k such that \k\ 2 < kR. Define 

P( S0 ,a-i|sVsi) = J eJ'-i (/>7 " 1(<i8( * ) - i/ * )) l [ _ 1) o ] (s)i/ 1I _ l8o (ds). (188) 
where f(t) = f(t, s[-l, i(-l)), with = s V si([-2T, -1]), 0) and similarly 

P^dslsi) = ^ (/ ' 7 " 1(<fa( * ) - i/ * )) ^ l( _r),_ 1 (cfa). (189) 

Then we can write 

S(l(-|si)£ B c|si) = y ^c(s )lo(so)-P(so,s-i|sVsi)l<_i(s|si)P s _ 1 (ds|si)ds ds-i. (190) 
We shall need 

Lemma 8.6. 1C\,Ci, Ci = Ci(R,p), i = l,2, such that Vs G C7 , and Vso, s-i, s G supp(l(-|s)): 

Ci < P(s , s_i|s Vs) < C 2 . (191) 

provided that, in (167), (169), Q' is large enough and ( > C(' for C large. 

^From this, Lemma 8.2 follows easily: 

Proof of Lemma 8.2. Using (190), we have: 

E(£ B cl(-\s 2 )\s 2 ) _ J £bc(so)1o{sq)P(s , s_i|s V S2)l<-i(s|s 2 )Ps_ 1 (ris|s 2 )dsods_i 
£ , (^ c l(-|si)|si) /£ B c(s )l (s )P(s ,s_i|s V si)l<_i(s|si)P s _ 1 (ds|si)ds ds_i 
> inf X P ( g Q' g -il s Vs 2) 1 <-i( s l s 2)^- 1 (ds|s 2 )ds-i 
~ so J P(s , s-i\s V si)l<_i(s|si)P s _ 1 (ds|si)ds_i 

where the infimum is taken over so G supp(lo). Now use (191) and 

J l<_i(s|s i )P s _ 1 (ds|s i )ds_i = J l<_i(s|si)P(ds|si), 
for i = 1, 2 to bound from below (192) by 

( 192 ) ^ Fi FT — H — V^TTI — V - 7T / l<-i(s s 2 )P(ds s 2 ) > — = 8]_. 
C 2 J l<_i(s|s 1 )P(ds|si) C 2 7 " 2C 2 
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where in the last inequality, we used: 

J l<_i(s|s 2 )P(ds|s 2 ) > J l(s|s 2 )P(ds|s 2 ) > \, (193) 

where the first inequality is trivial, see (169), and the second follows from (177) in Lemma 8.3. □ 
Now, we will prove Lemma 8.6, to complete the proof of Lemma 8.2, before proving Lemma 

8.3. 

Proof of Lemma 8.6. We write, for t G [—1,0] : 

a (t) = (l + t)8 -ts- 1 + a(t) (194) 

where a(-) is the Brownian bridge with covariance 7, going from at time —1 to at time 0, i.e. 
the Gaussian process with covariance: 

E(a k (t')a p (t)) = 5 K _ plk (l + t')(-t) (-1 < t' < t < 0) (195) 

for k 2 ,p 2 < kR. Substituting (194) into (188), we get: 

P(*o,*-i|s Vs) = M(5 ,s-i) / ei'- 1 (/ ' 7 " 1(dQ(t)+(so - s - 1 -- /)<i * )) l [ _ 1)0] (s) I ,(da) (196) 

where v is the probability distribution of the Brownian bridge a. 

To bound M(so,s_i) remember, from (169), that, for so, s-i in the support of 1(- |s), we have 

Poll 2 < 3C'P, (197) 

and 

||s_i|| 2 < ||^(-1)|| 2 < C'R. (198) 

These bounds, combined with the definition (187) of M(so,s-i) imply that, for so, s_i in the 
support of l(-|s), 

C 2 {R,p)<M(s ,s- 1 )<C 1 (R,p). (199) 
Thus, to prove (191), we need only to bound from above and from below the integral 

/ Jl^-HM^Hso-s-.-im)) 1[ _^ o] {s)u{da) (200) 

by a constant depending only on R and p. For this, some elementary facts about Brownian bridge 
will be needed: 

Lemma 8.7. Let a be the Brownian Bridge on [—1,0] with covariance 7. Then 

(a) . There exists a constant c(R) > such that 

f 1( sup ||a(r)|| 2 < C'R)v(da) > c(R). (201) 

J r6[-l,0] 

(b) . Let g(t) be progressively measurable with sup te ^_ 1 ^\\g(t)\\ < A. Then 

J e^ i9 ' da) u(da) < C(A,R,p), (202) 

and 

J ( y° (g, da)fu(da) < C(A, R, p) (203) 



Continuing with (200), we need some bounds on ||/(£)|| for s in the support of 1 (- 1 s) . First, we 
have, Vs G supp(l(-|s)), 



sup \\l(t)\\<C(R) 
te[-i,o] 



(204) 



where l(t) = l(t, s([— 1, t]), l(— 1)), which holds combining (11) in Proposition 1, and the fact 
that, on supp(l(-|s)) (see (169)), both uo{— 1) and sup te [_ 10 ] ||s(£)|| 2 are of order R. This and 
sup tg [_ 10 ] ||s(i)|| 2 < (R on supp(l(-|s)) imply that ||w(i)|| also satisfies (204). Then, using (152), 
we get: 



sup \\f(t)\\<C(R). 
te[-i,o] 

Consider now the lower bound on (200). By Jensen's inequality, 

7a_i(/,7- 1 ^)l[-i,0](s)^(da) 



(205) 



(200) > C(R,p) 



J l[-i,o](s)^(da) 



cxp 



Jl[_i !0 ](s)^(da) 



(206) 



where C(R, p) is a lower bound on exp(/° 1 (/, 7 1 (so — S-i — hf)dt) (which holds because of (205) 
and (197), (198)). 

Using (197), (198), we obtain from (194) that, for sq, s_i in the support of 1 (- |s) , if sup tg [_ 10 ] ||a 
C'R, then sup t6[ _ 1;0] \\s(t)\\ 2 < C('R for C > CC; hence, 

l[_i,o](s)>l( sup ||a(T)|| 2 <C'fl). 

re[-l,0] 

Combining this with (206) and (201), we get 

(200) > c (^)C(^, / >) e ' c{Rr ^ l ^ 1 (/ ' 7_lda)|1 [- 1 ' l (s)iy(<ia) (207) 
Now, let g = f^ 1 and use Schwarz' inequality to get the upper bound 

J I 7 - 1 da)|l [ _ li0] (s)i/(da) < (/( J\g,da)) 2 u(da)) h , (208) 

(since / v(da) = 1). Using (205) and 7^. > p we obtain that sup \\g{t)\\ < A = C(R,p) and so 

te[-i,o] 

(203) leads to an upper bound C(R,p) for (208) and thus, a lower bound C(R,p) for (200). 

Finally, we bound from above (200) by C(R,p), using l[_ 10 ](s) < 1 and then combining (205), 
(197), (198), and (202) with g = /7- 1 . □ 

Proof of Lemma 8.7. (a). Observe that a(r) has the same distribution as (— r)6(— ^^), where 
b(-) is the Brownian motion starting at 0, with covariance 7. So that, with t = (201) 
translates into: 

11^)11 



ju sup (Mf^flj^^fl). 



te[o,oo 

This is readily proven, since b(t) G R d with d = d(i?) and the covariance 7 has an independent 
upper bound, 
(b). Let 



3fi 



It is easy to see that M t is a martingale (see e.g. [9] p. 158), and that, therefore, Vi G [—1,0], 
E(M t ) = 1 where E is the expectation with respect to v(da). So, write 



and use Schwarz' inequality and E(Mq) = 1 to get 

jJ-^ da K(da) < { Je 2 I-Mf^))^ < c(A,R, P )(Je 2 ^^u(da))- 

where C(A, R, p) is an upper bound on expf J_ l (g, r yg)dT \ . Applying Jensen's inequality to e T , 



with d Z— as probability measure on [—1,0], we may bound the RHS by 

2 Vm 



C(A,R,p)(f_^J e^^~\(da))- , 



where sup ||<?(t)|| < A was used. To finish the proof, observe that 
re[-i,o] 



J e 4A||a(r)|||T| < C(A, i2, p) 



since ||a|| = (J2k l a fc| 2 ) 7 < l a fc|5 and afe(r) is a Gaussian random variable with variance (see 
(195)) 7fc(l + r)(— r). (203) is an easy consequence of (202). □ 

This completes the proof of Lemma 8.6, hence of Lemma 8.2; so, we turn to the 

Proof of Lemma 8.3. First, writing 

J P(F+|s)l(s|s')P(rfs|s / ) = J d So P(y+|( So ,/(0,s))l(s|sOe^ (/ ' 7 " (ds "^ <i * )) ^ ( _ T)so (ds) (209) 

where 1(0, s) = 1(0, s([-T, 0]), 0) and f(t) = f(t, s V s'([-2T, t]), 0), we obtain the lower bound: 

J P(V + \s)l(s\s')P(ds\s') > hl 2 J l(s|s , )P(ds|s') (210) 

where 

r . f P(V + \(so,l(0,s)) (m 
h P(V+\(s ,0)) ' (211) 

l2 = irJP(V + \(s(0),0)) (212) 

s(0) 

and the infimum in (211) is taken over s E supp(l(-|s')) with s(0) = sq, while in (212) it is taken 
over s(0) £ supp(lo) • Now, Lemma 8.1 implies that 

j^e^M), (213 ) 

provided I2 7^ 0, which we shall show now. Since uJo(t) in terms of which V + was defined (see 
(167)) satisfies ujq(0) = (s(0),0), we can write: 

I 2 = 1 - sup(£(l - l v+ |wq(0)) (214) 

S (0) 



:\7 



To bound E(l — ly+|cJo(0)) we use the probabilistic estimates (28): 



P(J2 D n (u) > (Rt\u(0)) < Ce-** 



(215) 



n=l 



which holds for any t, 1 < t < T, and any lo(0) with ||w(0)|| 2 < 3('R, provided ( is large enough. 
Note that this condition on oj(0) holds for oj(0) = ujo(0) = (s(0),0) and s(0) G supp(lo) (see (169)). 
Thus, since 1 — ly+ is the indicator function of the event that 



£ D n (u ) > cm 

n=l 

for some t > 1, (215) applied to ujq implies 

oo 

E(l - 1vm-|wo(0)) < Y, Ce ~ cCt ^ Ce ~° C - 
t=l 

and, by (214), 

h > 1 - Ce~<. 

This and (213) implies: 

h > exp{-c'(R,p)). 
Finally, consider the last factor in (210); let us write 

J l(s|s')P(ds|s') = 1 - E((l - l(-|s'))|s'), 



(216) 



(217) 



(218) 



(219) 



(220) 



and let us bound from above ^((l — l(-|s'))|s'); remember that, by (169), 1 (- |s')) = lol[_i ; o]l<-i- 
We have 



(221) 



1 - l(-|s')) = 1 - l<-i + (1 - l l[-i, ])l<-i 
<l-l<_i + l( sup ||s(t)|| 2 > 3C'i2)l<-i. 

V t6[-1,0] ' 

where we bounded CR > 3£' R, in the argument of l[-i,o]> So, 
£7((l-l(-|s0)|s') 

< e(i(\\u(-1)\\ 2 > C'R) s') + sup£(l( sup \\s(t)\\ 2 > 3('R) 

v ' v te[-i,o] ' 

= £(l(||w(-l)|| 2 > C'R) w'(-T)) +sup£(l( sup ||s(t)|| 2 >3C'i2)w(-l)), (222) 
v ' v te[-i,o] ' 

where the last term comes from 



e(i( sup \\s(t)\\ 2 > 3C'i2)l<-i(-|s') s') < sup£(l( sup \\s(t)\\ 2 > 3?R) , 
v te[-i,o] y v te[-i,o] 7 

and the supremum is taken over all s G supp(l<_i(-|s')), i.e. so that u(— 1) satisfies ||w(— 1)|| 2 < 
The first term of (222) is bounded by 



£(l(|K-l)|| 2 > C'i?)|u/(-T)) < CeM-c('), 



(223) 
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for T large: this follows from (30), with replaced by — T, t by — 1 and the fact that, since s' G C s , 
uj'(-T) satisfies, by (84), 

\\u'(-T)\\<0RT. (224) 

For the second term of (222), we use D t (uS) > i||s(t)|| 2 , ||u;(-l)|| 2 < £R and (34) to bound it 
also by Cexp(— c('). So, we have 

e((1 - l(-|s'))|s') < Cexp(-cC')- (225) 
So, combining (210), (219), (218) and (220, 225), we get that the LHS of 

(176) > exp(-c'( J R,p))(l - Cexp(-c0)(l - Cexp(-cC')) = S 2 > 

for £, (' large enough; obviously (177) folows from (220, 225), for £' large enough; this proves the 
Lemma. □ 

We are left with the 

Proof of Lemma 8.5. To prove (183), bound its LHS by 

ll/(i)-/o(t)|| + ||/o(t)-/ / (i)|| (226) 

where fo(t) = f(t, s + ([0, t]),0) corresponds to loq. Now, to bound each term in (226) by C(R)e~ cRt , 
use (151), with u> there replaced by ujq here, to get: 

||/(t) - fo(t)\\ < C(R)(\\co (t)\\\\5l(t)\\ + \\6l(t)f) (227) 

with 5l(t) = u(t) — u>o(t). We have, for t > 1, the bound: 

\\Sl(t)\\ < e-xp{-cRt)\\5l(0)\\ = exp(-ci?i)p(0)|| (228) 

where the equality holds since cjo(0) = (s(0),0), and the inequality follows from (12) (with u>i 
replaced by ljq) and using the bound, which holds for t > 1 and where [t] is the integer part of t: 



ft W+ 1 
/ ||X7c^o|| 2 <«E D n("o) < a(R([t] + 1) < 

J ° n=l 



a 



uRt 



for t > 1 and k large. For t < 1, (12) yields: \\5l(t)\\ < C(R)\\Sl(0)\\ = C(R)\\l(0)\\, since, 
by definition (167) of V + , ft ||Vw || 2 < D^uq) < (R. Finally, ||w (*)|| in (227) is bounded by 
| |cc?o C*) 1 1 2 — D[t] + i(uJo) < C-R(W + 1)) which also follows from the definition of V + and which we can 
write as (R([t] + 1) < C(R)exp(^). Combining this with (228, 227) gives 



r~Rt 

\\f(t) - / (t)|| < C(i?)exp(-— )(p(0)|| + ||/(0)|| 2 ), (229) 

and a similar bound on ||/o(£) — f'(t)\\ with 1(0) replaced by l'(0). Now, on the support of 1(- |s) , 
for any s G C~, i.e. in W, we have ||Z(0)|| < C(R), \\l'(0)\\ < C(R) (see (204)), which finishes the 
proof of (183). □ 
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